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THERMALLY INDUCED VIBRATION OF AN ANNULAR PLATE
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Abstract. The exact solution to a problem of the thermally induced vibration of
a homogencous annular plate is presented. The considered plate is subjected to the activity
of a point heat source, which moves with a constant angular velocity on the plate surface
along a trgjectory. The thermal mement is derived on the basis of a temperature ficld in the
plate. The selution to the vibration problem is obtained by using Green's function method.

Introduction

The thermally induced vibration of beams and plates is of great interest to engi-
neers due to its practical importance in mechanical, chemical, aeronautical and
nuclear power industries. Several authors have studied the problem of the thermally
induced vibration ol plates [1-7].

In paper | 1], the equation of a thermally excited vibration of a circular plate is
derived. The plate forced by a temperature field varying harmonically in time was
considered. The heat conduction problem was solved by means of the finite Hankel
transformation and the solution was found in the form ol a series. [n paper [2], the
thermally induced vibrations ol simply supported and clamped circular plates were
studied. In this analysis, it is assumed that the distribution of temperature is linear
through the thickness and along the radius. To solve this problem, the authors used
an analytical method (the method ol separation of variables) and a numerical meth-
od (the finite element method). The non-linear response of a thermally loaded iso-
tropic plate was investigated by Haider, Arafat and Nayfeh |3]. The plate was
exciled externally by a harmanic force near the primary resonance. The authors
considered the in-plane thermal load 1o be axisymmetric. In paper [4], the authors
investigated an inverse thermoelastic problem in a thin isotropic circular plate. The
authors determined the temperature distribution and thermal deflection on the
curved surface of the plate by employing an integral transform. The results were
obtained in terms of series of Bessel's functions. The thermally induced vibration
of a circular and annular plate is presented in paper [7]. The plate was subjected to
a sinusoidally varying heat {lux on one surface and the other is thermally insulated.
Applying the theory o circular and annular plates, the deflection, the stress distri-
bution and the {requency response of the plates were calculated numerically. [n
paper |8], the problem of the thermally induced vibration of a circular plate was
solved by using Green's function method.
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In this paper, an analytical solution to the problem ol the thermally induced vi-
bration ol an annular plate is presented. The thermal moment caused by the tem-
perature distribution on the thin annular plate is determined and displacements of
the plate induced by the thermal moment are analyzed theoretically. The solution to
the problem is obtained by using a time-dependent Green’s unction.

1. Heat conduction problem

An annular isotropic plate of uniform thickness /i with inner radius ¢ and outer
radius & (Fig. 1) is considered. This plate is heated by a heat source which moves
on the plate surface along a concentric circular trajectory at radius rp with constant
angular velocity .

heat source

Fig. 1. Schema ol annular plate with heat source

The temperature of the plate is governed by the heat conduction equation which
in cylindrical coordinates is as follows

-
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where: V* =a;+li+ L & . T(r.¢.z.6) - temperature of the plate at point

art rdr i o¢°
(r,¢.2) atime 1, k - thermal conductivity, &- thermal diffusivity and g(r. 9. 2.1)

represents the heat generation term. The heat generation term is assumed in the
form:

Glr.ap.z.)=80r —1)olo— A1) o(; —hy (2)
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where & characterises the stream of the heat, & ) is the Dirac delta function, (1)
is the tunction describing the movement ol the heat source

¢ =wt 3)

An analytical form of the temperature distribution in the considered plate has
been given in paper |9] as a solution of equation (1) with the following initial and
boundary conditions:

Tr.g.z.0=0

4)
r |a—a - T|r=h =T1 (5)
JT .
k()—(; Gty =ap[fy =T (9. u)] (6)
ar
ka—(r 9.0,0) = -0 [T, —Tir.¢.0,0)] (7)

where @ is the heat translfer cocllicient, 7 is the known temperature of
the surrounding mediuvm. The temperature for 7, = 0 is expressed as (derivation is
presented in paper [9])

= R )
T(' ¢ Z I) e ZI ZI ; ""Q(pj;//: mk (,)yjn (.‘-")Rnnl: (‘f. 9) (8)
Rmk ( ) i (/mk (?)J ™ (/ml ) Jm (}’mka )Ym (ymk ")

v, (2)=8, cos B2+ u, sinf,z. n=12...

Vi arc the roots of the cquation

Jm (}’mk (YJYm (}’IH‘]))_ Jm ()’mlb)yiu (}/ml (IJ = 0 (9)
and f3, are the roots of the equation
2)“0 ﬂn C()S[jnh - ([}1;3 _lull? )‘ﬁ”ﬁnh =0 (10)
Pronc (L @)= ;[U}m,‘ cos m{@— @t)—masinm(p— wt)
G THOW (11}
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where G "(

€] waaas [EPNG vl . - . .
pres oot ”J is a G-Meijer function | 10].
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2. Problem of thermally induced vibration of annular plate

The thermally induced vibration of the considered plate is governed by the
biharmonic differential cquation [§]

kl

Vs 1= v, (14)
ar

where D is the flexural stiffness. g is the mass per unit area of the plate, w(r,d.1) is
the displacement of the middle surface of the plate at point (r,®) at time ¢, and My
denotes the thermal moment. The thermal moment appears as a result ol a tempera-
ture field in the plate and it is defined as | 8]

M.[=]a—b T (rp.zit)de (15)
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The presented study deals with an annular plate with simply supported edges,
which means that the lollowing boundary conditions arc satislicd

ar

e [ law | & w
+

w=0, —D —+v =0 onvr=c¢and r=6 (l6)
rar a¢

Morcover, the zero initial canditions are assumed

w:ﬁ:(} for t=0 (17)
di

Substituting (8) lor equation (13), we obtain the thermal moment in the form:

, 81\ oF ! -
MT("' ¢71) ;“ ZZZ mk(}/mk'h)Rmk(ymL')L[/ (h) muA( Qﬁ)
m=l =1 &=l Qn /1/ sk

(18)

where

g )82+ 4 Jin =2,
" 3
25, Ho
The solution to problem (14), (16), (17) in an analytical lorm is obtained by
using the propertics of Green's (unction, which is a solution of dillerential cquation

[11]

VG ﬂ?}’C __ 5("—p)5(<1>"—w)6(t—r) (19)

and satisfies the zero initial and homogeneous boundary conditions analogous to

conditions (16), (17). The solution to vibration problem (14), (16), (17) can be
expressed as

wir, g.1) =H [ VM p.w.1)Glr gt pow . T)dy dpdr (20)
(LI

3. Green’s function
The GF for the considered vibration problem may be written in the form of
a serics

Glr,¢p.1)= i ¢, t)cosmlo—y) 1)

w=—r
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Substituting serics (18) tor equation (16) and using the expansion [§]

5(¢7—W]=,)L icosm(qb—yf} (22)

&4t qu=—o0

the differential equation for the functions g,,,( r, 1) is obtained

[;_—q 1o m‘] . +£a"8m - 3r—p) -7 (23)
re

el

- R
ror gy D g+t 27D r

Next, using (18) in boundary and initial conditions (13), (14). we have

2 2 b
gulan=0. [aag'" +v[1aﬁ—’"—gm] =0 (24)

r’ ror )
g 19g, m> |
.Qm( ) * {872 (7’ ar 7'2 gm ( )
Hly=b
8n(r0)=0. aaL =0 (26)
£ =0

The solution Lo initial-boundary problem (23)-(26) can be presented in the form:

glli (r’ {) = :.Z. QINH (r ) ]-:NH (l ) (27)

n=l

where 0,,, (r) are the eigenfunctions of the following boundary problem:

{"—wii—"’: } 0o ()= 20un()=0 28)

kl
dr- rdr r

QINN ((’) = O’

roar

= )2 a 5 \
: Q';“' + V[l an - ’”1 Qum J = 0 (29)
art re

an (b) =0 : 0 (30)

- ) -
a - Q”I " l (-} QHJ " ’}[ 2
+Vv T Qm n

or

roar

=t

The general solution of ditterential equation (28) can be written in the form:

0, ()= Cd At 4 CY A+ CL (A CK L) G
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where J,,. ¥, are the Bessel functions of order m, and /,,, K

. are the modified
Bessel lunctions ol order #i. Substituting function (31) lor boundary conditions
(29), (30), we obtain a system of homogeneous equations

ia,)(} 0, i=1....4 (32)
=l
where:
All = Jm (me ) n (/1»m ) HJ (';‘l'um ) AH - Km (;Lmu )
A.‘-l = Jm [/?wm ) 23 }/m (’Lyml ) AW Im(ﬂwwb] A34 m ()" b)

tHA

mn

A31 [ pm mn ‘] mn + - ﬂmn ‘]m+1 (ﬂ’ Cl),

A32 :(Z’; _ﬂim Ym(ﬂ‘mna)-'-l_TV]’ Y, (ﬂ Cl)

mn - m+l\"tmn

A33 = (p’; + ﬂ’;znn Im (ﬂmna)_l_Tvﬂ 1 (l'””a)’

mn © m+l

K, (4,a)+ =Y 2, K, (4,.4)
a

M

‘]m (//lmnb)-'- I_TV ﬂ’mn m+1 (ﬂmnb)

M

Ay = (1;2 - ﬂi,lem (ﬂmnb) /1,,1,1 Yot (A

M

Ay :(1;'2” +/1,%mj1m (A,n,lb)—l_TV/‘tmn it ).

Km (//i'm nb) //i'm n Km+l ()” b)

mn
where p,, =m{m—1{1-v}.

A non-trivial solution of system (32) exists for these A4,

. which satisly
equation

det[a,,] =0 (33)
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This equation can be written in the form:
iV, )2 2 b, 2) 2 b, AV 0, ,2)
+ o b. 2l Ha b, A) -l o b, ) a0, 2) (34)
+ @) e b 2V a0, 4) - ¥l o b, )y a0, 4)=0
where:
‘1"""((1 b.A)=1,(aA) (bA)=1,BAM, (al)
bA)-1,(bAK,, (ad)

"

wila.b.2)=1
wilab. =1 (aA)Y, (bA)- 1 ,(bAY, (aA)
b, )= J, (aA)K, (bA)- 1, (bAK, (ad)
¥ila.0.2)= 1, (ad)Y, (bA)- 1, (bA), (ad)

)= K, (A, (ad)

"n " m

1, {ad)K,
,

g/[ml(“ b, A)=K, (aA)Y, (b4

The roots of equation (34) are determined numerically. The eigenfunctions corre-
sponding to the roots are derived by using the solution of system (32) in equation
(31). After transformations, the eigenfunctions can be presented in the form:

QIHH (r) = L [_ (;/.’l;f’] (.r? ’)’ AU”I )+ 2 W[k."](r, ’)’ /1 )]
o ZHJH ”

— @ b, )N, r ) -l Yo, )E 0, 7, 2) (35)
— el b, )P b, A)+ e a, r, )P b, A) =
Note that functions R, satisfy the orthogonality condition

0 for a'##un

j)" mn( ) mn( )dr: . (36)
lh‘l (’?'mn) for i'=n

where

2= 2, (e 1, (1) 201, 02) |
(37)

12 (A (YA (2) = 2= 1), (A))+ 2272 ()13 (2)]
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Taking into account (23). (24) and using arthogonality condition (31) in equa-
tions (20) and (22), we obtain the diflerential equation

*r, ) ()= Q,,(p)

¥ .
3 + Aﬂﬂi,—l‘l”i i )é r— T (38
a i b4'u 2” JU Zm /lfmn ( ) )

and initial conditions

(1 r;ll i
]:nn (0]=0 J1 =0 (39)

t=(}

The solution (o initial problem (33), (34) has the form

sing2, (r-7)H{r-1) (40)

_ an (p)
1—;:111 (I) - 2”}” 'an . (ﬂ'mu )

3 D . - .
where (2, = T/I,j,, and H denotes the Heaviside function.
b u

Finally, on the basis of equations (18), (23) Green's function for the simply
supported circular plate can be written in the (ollowing form

H(t—1) 55 Q,..(p)

Glr.o.rp¥.r)=
(’ ' ,0 ) 2”/1 m= = p=| Qnulm(;‘mn

) Q"Hl (,‘)Sin !2HIH (r - T)COS m (¢ - W)

(41)

Summary

In this paper, the problem of the transverse vibration of an annular plate induced
by a mobilc heat source was considered. Formulation of the problem was based on
the differential equations of heat conduction and transverse vibration ol the plate.
which were complemented by suitable initial and boundary conditions. The tem-
perature distribution and transverse vibration of the annular plate in an analytical
form were obtained by using the propertics of Green's function.
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