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Abstract. The exact solution to a problem of the thermally induced vibration of 
a homogeneous annular plate is presented. The considered plate is subjected to the activity 
of a point heat source, which moves with a constant angular velocity on the plate surface 
along a trajectory. The thermal moment is derived on the basis of a temperaturę field in the 
plate. The solution to the vibration problem is obtained by using Green’s function method.

Introduction

The thermally induced vibration of beams and plates is of great interest to engi- 
neers due to its practical importance in mechanical, Chemical, aeronautical and 
nuclear power industries. Several authors hâve studied the problem of the thermally 
induced vibration of plates [1-7].

In paper [1], the équation of a thermally excited vibration of a circular plate is 
derived. The plate forced by a temperaturę field varying harmonically in time was 
considered. The heat conduction problem was solved by means of the finite Hankel 
transformation and the solution was found in the form of a sériés. In paper [2], the 
thermally induced vibrations of simply supported and clamped circular plates were 
studied. In this analysis, it is assumed that the distribution of température is linear 
through the thickness and along the radius. To solve this problem, the authors used 
an analytical method (the method of séparation of variables) and a numerical meth­
od (the finite element method). The non-linear response of a thermally loaded iso­
tropie plate was investigated by Haider, Arafat and Nayfeh [3]. The plate was 
excited externally by a harmonie force near the primary resonance. The authors 
considered the in-plane thermal load to be axisymmetric. In paper [4], the authors 
investigated an inverse thermoelastic problem in a thin isotropie circular plate. The 
authors determined the température distribution and thermal deflection on the 
curved surface of the plate by employing an integral transform. The results were 
obtained in terms of séries of Bessel’s functions. The thermally induced vibration 
of a circular and annular plate is presented in paper [7]. The plate was subjected to 
a sinusoidally varying heat flux on one surface and the other is thermally insulated. 
Applying the theory to circular and annular plates, the deflection, the stress distri­
bution and the frequency response of the plates were calculated numerically. In 
paper [8], the problem of the thermally induced vibration of a circular plate was 
solved by using Green’s function method.
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In this páper, an analytical solution to the problem of the thermally induced vi­
bration of an annular plate is presented. The thermal moment caused by the tem­
pérature distribution on the thin annular plate is determined and displacements of 
the plate induced by the thermal moment are analyzed theoretically. The solution to 
the problem is obtained by using a time-dependent Green’s function.

1. Heat conduction problem

An annular isotropie plate of uniform thickness h with inner radius a and outer 
radius b (Fig. 1) is considered. This plate is heated by a heat source which moves 
on the plate surface along a concentric circular trajectory at radius r0 with constant 
angular velocity cd.

Fig. 1. Schema of annular plate with heat source

The température of the plate is governed by the heat conduction équation which 
in cylindrical Coordinates is as follows

V2T+^+(1) 
dz k K dt

q(r,cp, z,t) = 0 8(r - r0) 8{cp- 3(z - K)

^2 13 i 32
where: V2 -—-H--------F—-—7, T(r,0,z,t) - température of the plate at point

dr r dr r dep
(r,0,z) at timet, k - thermal conductivity, k - thermal diffusivity and q(r, 0, z,t) 
represents the heat génération term. The heat génération term is assumed in the 
form:

(2)
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where 0 characterises the stream of the heat, <5( ) is the Dirac delta function, ç?(t) 
is the function describing the movement of the heat source

0(t) = (O t (3)

An analytical form of the température distribution in the considered plate has 
been given in paper [9] as a solution of équation (1) with the following initial and 
boundary conditions:

T(r,0,z,O) - 0 (4)

n™=ri. rlr.,,=n (5)

dTk — (r,0, h,t) = aQ[TQ-T(r,</>, h,t)] 
dz

(6)

k---- (r,^,0,t) = -a0[T0 -T(r,^,O,t)J
dz

(7)

where a0 is the heat transfer coefficient, 70 is the known température of 
the surrounding medium. The température for To = 0 is expressed as (dérivation is 
presented in paper [9])

Ti z/i /A n z \iif z \T3 if ZQ\T(r, />, z, t) = — X X Ł —ň---------- R'-k W Wp,™k & (8)
îw-1 n-1 k~l s/ii %mk

where
R,nk (r) = Ym [Y,nka)j,n ^Ymk r}~ J,n ^mk^m [/mk r)

V» (z}=ßn C°sßnz + Vo sinßnz, n = l,2,...

ymli are the roots of the équation

Jm (Trnkům {Ymkb)~ Jm {Ymkb)Ym ^Ymk0} = 0 (9)

and ßn are the roots of the équation

2Ao ßn cosßnh - (/% - }sinßnh = 0 (10)

Pmnß^(P> = -3------- rr[ßmk cosm(<p- cot)-mco^nm{(p- cot
ßnnk +müfL- (11)

- ( Ąmk cos m<p - matsin mcp) e ’^k ‘
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where Ąnnk = + tfnk\

(
22 A

1+V^sin2^ (12)
2A(M )

Xmk = (“Ymk )+ &2„ (aYmk )“ (aYmk K (“Ymk ) (13)

ß2 ,2
= -y fe-1 (aymk )+ T,2 (aymk ))+ — (t,2_i (bYmk )+ T,2 (bymk ))

+ — (a (a ymk X„ (a ym J- b Ym_, (bymk ~)Yin {bymk ))
Ymk

($k = “y V'tl (armJ+ JÏ (aYmk ))+ — [Jm-l (bYmk) + Jm (bYmk ))

+ — (a (aymk )jm (aymk )-b J m_r (byink )jm (bymk ))
Ymk

,[31 _ 1 |>2/-,2,2Î(, \210,0.5, -0.5 ] ïrl, 1ÍI V10, 0.5, -0.5 \|
rmnk I |r ^3,5 Ym k / 0, m, -0.5 / ^2,4 \\^ Ymk / 0, m, -m, -1, -0.5 /]

where G™’" x l'IH I “ij is a G-Meijer function [10]. 
h.-An^m+b-Ą J J L J

2. Problem of thermally induced vibration of annular plate

The thermally induced vibration of the considered plate is governed by the 
biharmonic differential équation [8]

"\2
DV4w + //2^ = -V2M7 (14)

3t

where D is the flexural stiffness, is the mass per unit area of the plate, w(r,<P,t) is 
the displacement of the middle surface of the plate at point (r,0) at time t, and MT 
dénotés the thermal moment. The thermal moment appears as a resuit of a tempéra­
ture field in the plate and it is defined as [8]
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The presented study deals with an annular plate with simply supported edges, 
which means that the following boundary conditions are satisfied

w = 0, -D
d2w fl 0 vv 1 d2w 
--- Ť” + M  ' 5 T d r yr dr r d</)

on r = a and r = b (16)

Moreover, the zero initial conditions are assumed

dw „ p „ w =---- = 0 for t = 0
dt

(17)

Substituting (8) for équation (15), we obtain the thermal moment in the form:

Mt (r, t) = £ £ £—LRmk(7mkrQ')Rmk(7mkr^n(h) Pmnk (*,

(18) 
where

_ (1 + Tr/Zp )(ßj + Aq2 )sin ßnh- lßn^

WnV*

The solution to problem (14), (16), (17) in an analytical form is obtained by 
using the properties of Green’ s function, which is a solution of differential équation 
[11]

= (19)
dř r

and satisfies the zero initial and homogeneous boundary conditions analogous to 
conditions (16), (17). The solution to vibration problem (14), (16), (17) can be 
expressed as

(20)
t hlTT

w{r,(ßt} = JJ f N2MT(p,y/,T)G(r,(j),t-,p,\if,T)dy/dpdT 
oo o

3. Green’s function

The GF for the considered vibration problem may be written in the form of 
a sériés

G(r,^,t)= £ gm(r,t)cosm(ß-ip) 
m=—co

(21)
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Substituting sériés (18) for équation (16) and using the expansion [8]

—— £cosm(0-^) (22)
2 n m=-„

the differential équation for the functions gm(r,t) is obtained

' 92 1 9 A 32Sm _ ô(r-p)ô(t-T)

dr2 rdr r2 J ™ D dt2 liïD r

Next, using (18) in boundary and initial conditions (13), (14), we hâve

(24)

(25)

(26)

The solution to initial-boundary problem (23)-(26) can be presented in the form:

where Qm n (r) are the eigenfunctions of the following boundary problem:

öm„(a) = 0, = 0

em„w=o, =0

d2
d r2

2

—22 n

2 n

0 l21 d m2
r d r r2

d2Qmn (ldQmn
3 2 +v â— 
dr lr dr

d2Qmn ( 1 d Qlnll
3 2 +v-------â—
dr lr dr

(27)

(28)

(29)

(30)

The general solution of differential équation (28) can be written in the form:

Qmn W = GG (4z)+ GG (Gz) + GG (4z)+ C4Km [U] (31) 
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where Jm, Ym are the Bessel functions of order m, and lm, Km are the modified 
Bessel functions of order m. Substituting function (31) for boundary conditions 
(29), (30), we obtain a system of homogeneous équations

5X^=0, z=l,...,4 (32)

where:

Ai = A„(4na), Ą2 = 4(4X Ai3 = 1m(Ąma\ Ai4 = Km^mna)

A21 = Jinfimnb)’ A22 = A2Î = ’ A24 =

where pm = m[m -1)(1 - v).

A non-trivial solution of system (32) exists for these which satisfy 
équation

detUy] -0 (33)
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This équation can be written in the form:

^"+1] (a, b, A) (a, b, A) - ^"+1] (a, b, à) (a, b, â)

+ (a, b, à)(a, b, à)- (a,b,Â)P^](a,b, 2) (34)

+ ^r11 (a, b, À)(a, b, À)~ Pp1](a,b,^P^\a,b,ł)=0 

l2m (2) Jm_, (2)(2 Jm_, (2) - 2(m -1) Jm (2)) + 22 J2m (X}I2n (2)]

where:

P^(a,b,A)=Im(aX)Jm(bÀ)-Im(bX)Jm(aX)

P^\a,b,A)=lMKM-lMKM 

^\a,bj)=Im(a^m^)-lm(b^M 

‘f'jK (fl,b,Ą = Jm (aX)Km (bX) - Jm (bX)Km (al) 

^](a,è,2)=Jm(alK(M-A„(M4M

The roots of équation (34) are determined numerically. The eigenfunctions corre- 
sponding to the roots are derived by using the solution of system (32) in équation 
(31). After transformations, the eigenfunctions can be presented in the form:

Q,dr)=^[-P^r,b,Aj+-P^(r,b,A)} 
a Ąnn k )

- (a,b, (a, r, à)- (a, b, à)P^](a, r, à) (35)

- ÿ'jr11 (a, b, A)P^](a,b, + 'f'i[k+1](fl, r, (a,b,X) = Q

Note that functions Rmn satisfy the orthogonality condition

where

(36)

(37)

Z.2 r
Xm (2) = — [Jl (2)(- iVt W+ 2(m -1) Jm (2))

zz
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Taking into account (23), (24) and using orthogonality condition (31) in équa­
tions (20) and (22), we obtain the differential équation

The solution to initial problem (33), (34) has the form

d2rjt) 
dt2

+ -^-24 r
1 4 mn mtibp \t)=-------r—\s'1 T>^P%m\A,nn)

(38)

and initial conditions

& n = 0 (39)
d t t=0

(40)
QmÁp)

where Î2^n and H dénotés the Heaviside function.
op

Finally, on the basis of équations (18), (23) Green’s function for the simply 
supported circular plate can be written in the following form

.A uz 1 n{t— f ) ßmn(p) „ / \ \ \

2 // n=l nXm \Ąn n )

(41)

Summary

In this paper, the problem of the transverse vibration of an annular plate induced 
by a mobile heat source was considered. Formulation of the problem was based on 
the differential équations of heat conduction and transverse vibration of the plate, 
which were complemented by suitable initial and boundary conditions. The tem­
pérature distribution and transverse vibration of the annular plate in an analytical 
form were obtained by using the properties of Green’s function.
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