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Abstract. In the present paper the author presented new deterministic fractals based on
regular convex polyvtopes, discussed their construction and presented special cases of some
non-regular polytope-based fractals. Firstly. the fractals hased on the regular convex poly-
chora were investigated. Their construction was analyzed using different approaches and
their Hausdorft dimension was determined. Then. the high-dimensional regular convex
polytopes-based fractals were investigated. It was shown, that there is a possibility to de-
termine and generalize the Tlausdorff dimension of these fractals to R, Moreover, two
classes of fractals based on J-dimensional hyperpyramids and hyperbipyramids were dis-
cussed.

Introduction

Fractals based on one-, two- and three-dimensional polytopes are well-known
and could be easily coustructed. Moreover, there are strong connections between
fractals in different dimensions. e.g. Cantor set - Sierpinski triangle - Sierpinski
gasket or Cantor set - Sierpinski carpet - Menger sponge. [t was shown. that there
is a possibility ol generalization of the construction of such [ractals, which are
based on regular polygons [1] and regular polyhedra [2]. Tt is easy to observe that
the appropriate definition of the number of sides (for regular polygons) and the
scale factor could give us well known fractals: Sierpinski triangle, Sierpinski car-
pet, Sierpiaski pentagon etc. Following this we could extend these relationships to
three-dimensional  deterministic [ractals and obtain Sieprinski gasket, Menger
sponge and other polyhedra-based tractals.

‘The investigation of the fractals with higher dimension is related to the needs of
topical scientific problems. The great impact ol improvement of high-dimensional
tractals is noticeable in quantum physics, especially in superssmmetric string theo-
ry and its modifications and simplifications. Research on this field was successful-
[y provided by Ll Naschic. Many of his works (c.g. [3. 4]) arc concentrated on
describing the high energy physics problems using uniform convex polytopes.
The four-dimensional fractals also could find an application in problems of the
multidimensional signal processing. Some works in this area [5. 6] present the
four-dimensional wavelet packets tor application in the multidimensional signal
processing. Finally, there 1s a group of problems related to the visualization of
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high-dimensional data including quaternionic and octonionic complex fractals {c.g.
Mandelbrot and Julia set generalized to high-dimensional space}. Quaternions also
tound an application in problems of signal encryption [7]. In available literature
some of multidimensional fractals were already presented, e.g. Sicrpiniski triangle
in higher dimensions [8]. high-dimensional Hilbert cube [9] or the hypergasket
[10]. The aim of this work is the generalization of the regular convex polytopes-
hased fractals and determination of the relationships of their Hausdor[t dimension.
Let us define the fractal in R”, which is the attractor A2 of the [FS with appro-
priate parameters, where S in the superscript denotes the Schlifli symbol of a giv-
en polytope and infinity in the subscript denotes the number of iterations. The
most traditional method ot the construction of self-similar fractals is the method of
successive approximations, which is based on the definition of IFS with appropri-
ate contraction mappings. Let I < RY, where ¥ is the set of z vectors, which con-

. . . . . N
tain the coordinates of the vertices v, of a given polytope A,. Then, we define the
elementary similarity transformation in the form of:

w, (W) =+ (=1, for O<r<l. 1<i<n, (O
where # is the scale factor. Describing the contraction ol 4; 10 4, {where & = 0)
we use the Hutchinson operator:

wial )= (4). )
-]
Definition 1. Let tn‘ be a regular convex d-polytope in the Euclidean space R,

The set

A = h ' (1,; ), 3

i~
where 11;(.43)(3 M{,(fi,f):@. i# j is called the fractal in R? of A4 with

the unique scale lactor .

1. Regular convex polychora-based fractals

N . 4 » . » .
There are six regular polytopes in RY, which are presented in Figure 1 in
a hyperspherical projection (using Jenn3d sottware).
Let us consider the first polychoron - the pentachoron (also called simplex or
- ) . . 13.3.3!
S-cell). The fractal. which based on a pentachoron. whose attractor 77" we

333

will call the hypergasket due to the nomenclature used e.g. in [10. 11]. Let A(:)

be a regular unitary simplex. After the first iteration we obtain 6 simplexes on the
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“27: for the Sierpinski carpet 1t is 1 and for the Menger sponge it is 7. [t is casy to
calculate that for the hypersponge we obtain 33 such addresses. Having the num-
ber of sub-hypercubes atter the first iteration we could calculate its FHausdorff di-
mension: log{48)log(3) = 3.52372.

The third 4-polytope from the group of convex polychora is the hexadeca-
choron (erthoplex or 16-cell). The fractal based on this polytope we will be called
the fperbigaskes. 11 could be noticed that each facet ot the hyperbigasket is the
Sierpinski octahedron, thus the scale factor » = 2. As it could be observed. there is
some similarity between the hyperbigasket and the hypergasket, which reflected in
the construction of the hyperbigasket. During the iteration process we oblain 6
hexadecachora in a mid-space and 2 hexadecachora at the upper and lower verti-
ces, thus the Hausdorff dimension of the hyperbigasket is log(8)/log(2) = 3.

The icositetrachoron (hvperdiamond, octaplex or 24-cell} 1s the most unique
polychoron, because it has no direct analog in any other dimension. The fractal
constructed based on this polychoron we will call an octaplex fractal. The con-
struction of this fractal is not so intuitively as in the previous cases. The 24 cells of
the icositetrachoron are connected in the 24 vertices given by permutations of (1.
0. 0, 0) and (0.5, £0.5. £0.5, £0.5} with edge-length of I. For determining the

. . 3430 . . . . - .
scale factor for /Ii ' we use the parameter d, which is the ratio of the distance

i3 ! . . . . .
between the center of ,4(‘]"‘4:3' to whichever of its vertices (while the polytope is

orthogonally projected onto a plane) and the edge-length of the polytope [13]. The
scaling factor could be calculated lrom the next expression:

R
r=l+"T=1+§. ()

Following Coxeter | 13| 8 — 2, thus the scaling [actor for the octaplex [ractal
1313 . L . .
A7 is = 3. Having the scaling factor we could determine the number of sub-
octaplexes after the first iteration. The icositetrachoron has 24 octahedral cells,
which are connected in 24 vertices [13], whose coordinates are given by the above-
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presented permutations. Considering that » = 3 we obtain 72 vertices of A~

which connect 72 sub-octaplexes with edge-length of 1/3. Hence, the Hausdorft
dimension of the octaplex tractal is log(72)/log(3) = 3.89279.

The hecatonicosachoron (dodecaplex or 120-cell) and the hexacosichoron (tet-
raplex or 600-cell) are also unique polychora, which have no analogs in higher
dimensions. 1t is possible to construct two last fractals in 4-dimensional Euclidean
space, which we will call the dodecaplex fractal and the retraplex fractal, respec-
tively. ‘The hecatonicosachoron Aéﬁ‘;“;: has 120 dodecahedral cells connected by
600 vertices. Their coordinates could be obtained by the multiplication of the cen-
ters of vertex figures {tetrahedra) by 4;0"'). where ¢ = (\/5 - IJ/2 is the golden ratio.
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They include all permutations of (£2, £2. 0, 0), (V5. =1, =1, £1), (e, Lo, =%
+¢7). (g7, 297" £¢' £¢7") and all even permutations of (£¢™. £1. ¢, 0), (£V5,
+ @, +p7, 0), (2. £, £1. +¢7"). The edge-length of this polychoron is the dis-
tance between two neighboring vertices (7. 2¢7°. 1. 0) and equals 2¢™. The pa-
rameter o =J§g¢1 [13]. By the analogy of similar fractals in lower dimensions [1,2]

.. . 15,33 . . N
we put d-times reduced copies of A7 in cach vertex. Finally, the Lausdorff

dimension of the dodecaplex fractal is log{()OO)/log (I + \."§¢2] =3.00492 .

. . . 1335
For the construction of the tetraplex fractal AL ' we use the same rule as

before. I'he hexacosichoron with an edge-length of 2¢™' could be constructed from

the next permutations of its 120 vertices: 96 even permutations of {+p, £1, +¢™,
(), 8 permutations of (£2, 0. 0, 0) and 16 permutations of (£1. £1, 1. £1). The

parameter d equals 2¢. Thus, the llausdorff dimension of Ai““‘ is
log(120)/log{ 1+2¢) = 3.31627.

2. Fractals based on the regular convex polytopes in R’

In the d-dimensional Euclidean space. where ¢ = 5 there are only three Kinds of
the regular convex polyvtopes: d-simplex. d-hypercube and d-orthoplex. Based on
these polytopes one could construct hyperlractals and generalize their Hausdorfl
dimension.

The d-simplex A could be constructed similarly as its analogs in lower
dimensions. Considering used nomenclature we will call such hyperfractals as
d-mypergaskets. Note that during iteration there is always one d-sub-simplex at the
apex of a d-simplex. d-sub-simplices on the base of a J-simplex grow twice with
every higher dimension. The scaling lactor is constant regardless of ¢f and cquals 2.
Theretore, the Hausdortt dimension for d-hypergasket with any ¢ is:

B log(3d —5)

D, = (6)

log2

Similarly, the other two above-mentioned hypertractals could be generalized to
RY. The d-Inperbigaskets are constructed in the same way as previously. The only
difference in the HausdorlT dimension is two “stable™ vertices of this polytope.
The Hausdorft dimension formula for this class ot hyperfractals is a slight moditi-
cation ol {(6):

_ log(3d -4)

Dy,
log2

{7
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The HausdorlT dimension of the d-Inpersponge will be determined using the
above-presented addressing approach. The scale factor for this hypertractal is con-
stant in every dimension and equals 3.

Theorem 1. The number of contractions V of the d-hypersponge in iteration & is

k

d i v d! { nd
Nk: 3 _Z— :p:f(c3)a (8)

where ‘f'l(.’;” ) denotes all combinations of addresses with at least two 27

Proof. Using the addressing approach for the d-hypercube it is possible to define
37 addresses with elements ¢, where j = 1...d. from the set {1.2.3}. From the ob-
tained addresses one needs to exclude elements. which do not consist of the
d-hypersponge. The addresses of these elements consist at least two 2" in any
combination. Thus. the number of the elements to be excluded could be presented
as a sum of permutations with repetitions of the -element addresses. The difter-
ence between 3* and obtained number raised to the &-th power gives the number of
clements of d-hypersponge in k-th approximation level, which ends the proof.

Considering the Theorem 1 it is possible to obtain an expression for determina-
tion of Hausdortt dimension in a generalized forn:

log{ N/
Dy leelv) )
log(3)

where A is given by (8).

Now. let us analyze the character of ¢changing the Hausdor!T dimension of hy-
perfractals based on the regular convex polytopes depending on their dimension.
Figure 2 presents above-mentioned dependence for d-hypergasket, d-hyperbigasket
and d-hypersponge. As it could be mnoticed, the Tlawsdolf dimension of
d-hypergasket and o~hyperbigasket becomes equal when ¢ — o

. log{3d-5 . log(3d —4
lim g =lim M
A= log2 J— log?2

Let us consider some special cases of d~simplex and d-orthoplex. If we consider
them in three dimensions we obtain the tetrahedron and triangular bipyramid.
whose base is a regular triangle. Bases of these polyhedra could be extended to
regular convex n-gons and we obtain a class of n-gonal-based polyhedra. Deter-
mining parameters of the contraction it 1s possible to construct a new class of
n-gonal-based fractals. Similarly, we could generalize the above-presented class to
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the higher dimensions. Two groups of hyperfractals based on n-d-hyperpiramid and
n-d-hyperbipyramid we define as follows.

]

cededoatodoo o]

Hausdorff dimension, DH

P m—— d-hypergasket

-1 — d-hyperbigasket []
""""" d-hypersponge
n n n n T

10 10
Dimension, d

Fig. 2. Hausdortf dimension of the bypertractals versus space dimension

Definition 2. Lct us consider the n-d-hyperpyramid 47 and the n-d-
hyperbipyramid 4.7 in the Euclidean space RY, where d = 3. The set (3) is called
the n-d-hyperpyramid tractal constructed trom Aj and the #-d-hyperpyramid frac-
tal constructed from A,',"" with the unique scale factor r,, which could be deter-
mined using following expression (cf. [1]):

: ﬂ{n—lJ)
tan| —
r=21- ni 4
T ﬂ\\l’l—lJ
tan| — + —
n n| 4

Bascd on the Definition 2 we could construct general formulas for determining
the Hausdortt dimension for whichever hyperfractal from the above-presented
groups. Analyzing Hausdorff dimension formulas for -hypergasket and
d-hyperbigasket one could conclude that the Hausdor(f dimension for their #-gonal
analogs is dependent on s Thus, we could write such relations as follows:

o = Iog(n(d —2)— I) (01
T leg(rn) !

-1

(10

AP _ |0g(ﬂ(d - 2)+ 2)

D 12
d log(r, } (2
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tractals based on the #-d~hyperpyramids and #-d-hyperbipyramids were investigat-
ed. The Hausdortt’ dimension expressions for these groups were generalized for
any #> 3 and any d > 3.
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