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Abstract. We use the notion of rational sclf-equivalence which is a special case of Hilbert-
symbol equivalence of fields. where both fields are considered to be the field Q@ of rational
numbers. We define a small self-equivalence of the field Q@ as a special case of small
equivalence of [ields - a ol for constructing EHilbert-symbol equivalence of fields. We shall
show, that one can choose initial sets of prime numbers and then control the processes of
extending of small self-cquivalence such that uncountable many rational sell-equivalences
can be constructed. The {inal conclusion is the corollary deciding hat the group of strong
automorphisms of Witt ring #{Q) of rational numbers is uncountable.

Introduction

In this paper we shall show, how uncountalbly many strong automorphisms of
Witt ring H{Q) can be constructed.

We will use the notion of Hilbert-symbol equivalence of fields considered in
[1].]2] and |3]. The ideas contained in these works are the base ol our construc-
tions. The restriction to the field Q@ of rational numbers allows us to simplify many
details, therefore instead of frequent reference to literature we try to present the
solution of the problem in the most complete way. In this section we shall outline
the notions and lacts which will be used in the paper. We use propertics and facts
from number theory, which can be found in [2]. [4], [5] or [6].

Consider the field Q of rational numbers. Let IP denote the set of prime num-
bers together with the symbol . In the follow we consider its two subsets:

Py={pclIPiie} :p=1(mod4)}, IPy={pcIP\{»}:p=3(mod).

For each prime number p there exists a completion @, of the field @ with respect
to p-adic valuation v, called the field of p-adic numbers. Moreover we assume that
Q.. =R is a completion of Q with respect to usual absolute value (see [4]). Let ¢ be
an automorphism of the group of square classes 7: Q* Q¥ — QvQ*
and let 7 be an invertible map 7 : IP — IP preserving Hilbert symbols in the sense
that (a,h), — (Ha) 4(h))yp for all b € Q*/@Q* and for all p € IP. The pair of maps
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(T,1) we will call the Hilhert-symbol rutiond self-equivalence or shortly just ra-
tional self-eguivafence. The notion of rational self-equivalence is a special case of
a more general notion of Hilbert-svihol equivalence of fields, where the prime
numbers are replaced by prime ideals of global fields (see [2. 3]}.

Two number ficlds have isomorphic Witt rings of quadratic forms if and only il
there is a Hilbert-symbol equivalence between them (comp. [3]). Namely the bijec-
tion ¢ fulfilling the above conditions induces a strong isomorphism of Witt rings.

Constructing of Hilbert-symbol equivalence between Witt equivalent number
fields is not an easy problem. The task of defining maps between infinite sets is
difTicult since there is no method of doing this in a (initc number of steps. [n |3
the authors reduced this problem to the problem of constructing so called small
equivalence, which requires defining maps between finite sets of prime ideals. For
more details the reader is relerred o [3]. We use these ideas in order 1o construct
the set of rational self-equivalences. There was shown in [7] that the set of rational
self-equivalences is infinite and the effective construction of rational selt-
cquivalences was presented. In this paper we shall prove that the sct of rational
self-equivalences is, in fact, uncountable.

Let poand ¢ be two clements in the set IP. Every group isomorphism
for * QAQ,* — Q*/Q,* preserving Hilbert symbols will be called local isomor-
phisn. The local isomorphism #,,; is an isomorphism of quaternionic structures of
local ficlds @, and @, (for more information about quaternionic structures and
their isomorphisms see [8. 9]). If p and ¢ are prime numbers, then the local iso-
morphism #, Q,,*/Q,...*: — Q‘,*.-"Q,_,*J is called fame if v {t;,{x)) = v(x) {mod 2).
[t is well-known that il the prime numbers p and ¢ are cquivalent to 3 modulo 4.
then —1 is not a square in tields @, and Q, and every local isomorphism maps —1
to —1. In this case every local isomorphism is tame. It is easy to notice that exactly
two local 1somorphisms exist (or such a prime numbers p and ¢. The first one ful-
tilling t,{p) — ¢ we call simple focal isomorphism and the other one 1, (p)=—¢
we call skew local isomorphisi.

By |3] p. 376 1t follows that the rational sell-equivalence (7.7) determines the
(amily of local isomorphisms /£, : Q,*/Q,*" — Qu,*/ Qi *” fulfilling the condition
14aQ,* ) = {a)Qy ¥ .

Let S=1p.....0, { be any finite subset of IP containing 2 and «-. Let us fix that
p == and p,=2. Wedefine the ser of S-singular elements as follows:

E.={x e Q*:pf{x)=0(mod 2) forevery pe S|

Notice that £ is a subgroup of the multiplicative group ot the field Q containing
all squares of non-zero rational numbers. Theretore the quotient group Ey/Q*’ is
a subgroup of the group of square classes Q*/Q*".

For any element p € IP the group (5, = Q,*/@Q,*" (of exponent 2) can be viewed
as a vector space over the two-element field IF; and the Hilbert svmbol determines
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non-degenerate bilinear form £, : G, x G, — IF; such that (a.b}!, =(- l)ﬁ"(”'hj . For

given finite subset S < IP we create a bilinear space (Gy. /). where

Go=T16, = TT @ver  Alal.eclt,)usl= Y B.la,.b,)

pel JEN pesN

The space (Ge. /) is an orthogonal sum of non-degenerate bilinear subspaces.
hence 1t is also non-degenerate.

For every p € IP the natural imbedding of the field Q in Q, induces the group
homomorphism 7. Q¥/Q* — Q,*/Q,*" which is surjective. For given finite sct
S={pj...op, i IP we get the diagonal homomorphism diagy : Q*/Q*" — Gyde-
fined by diagda@*) = [f,(@.... iy (@] = [a@ ..., a@] for all a< Q.
In order to simplity the notation the rational number ¢ will be often identified with
its class of squares a@*" and we will use the notation « = diagJ(a@*’). The re-

striction of the homomorphism diag, to the set of square classes of S-singular ele-
ments we denote by 7.

Lemmal.l. If S = { 2.2, s,
-1Q*, 20%. p:0*. ....p,,Q
dim(£4Q*) = |9].

iy Is @ group monomorphisn.
dim Gy = 2|9
The subspace idE<Q¥Y is equal to its orthogonal completion in the linear
space (G, By).

I
S

p,t< P, then
Vs a basis of the space EJQ¥.

SNV P

Proof. By the definition of the set Ey it lollows that prime numbers which are not
in § can appear in decomposition of x only with even exponents. Let

TP Y P 2ha+ex hp-en 2 m .
x=(=1)r2%ere p ep, ¢ oy,  where ¢ ,¢s.....q, ¢ Sare prime

A

2

numbers, &£,/ € Z and ¢; € (0,1} be a canonical decompaosition ot any nonzero
rational number x. Then ¥Q** = {—[}"2° p{* ... p Q**. Hence the elements of
the group E¢Q* are uniquely represented by integers of the form
(13122 pi* oo p . In particular the elements —1 Q¥ 2Q*°, ... p.Q*". p,Q*’
create a basis of linear space EJQ* over IF, and dim £4Q* = [S].
the proot of 1 and 2.

3. If x € ker /. then x is a square in each p-adic field for p € S and it follows
that x>0 since the squares in the field Q, =R are positive numbers and
¥, (x)s{) (mod 2) for prime numbers in S. Tt shows that x is a product of prime

This finishes
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numbers with even exponents, hence x 1s a squarce of a rational number. Therefore
! 2
ker g — {Q*°}.

4. It suffices to notice that dimG, = ZdimGr =1+3-2n-2)=2n since
ey

dim G, = dim R*R** = 1_ dim G» = dim Q*/Q,*’ = 3 and dim G, = dim Q,*/Q,*" =
=2 for odd prime numbers p.

5. Letx, y € F.. By Hilbert reciprocity law 1_[(,\1.;:),, =1 we get

p P
H(x.y),., = H(x._}»'),, .
p=N pePLN

For every p € IPY S the elements x, y are p-adic units, henee {x.)),— L. Therefore

(_ I)/?_\"(x_)'} _ 1—[(_ I)/"/‘(X..IJ _ ]—[(\ },)P -

pey pey

Thus we get B.(x.5)=0. It follows that for F=i{EJ/Q**) we have Fc F'and
consequently dim F<dimF*. Since i is a monomorphism, hence dim F =
= dim £JQ* = |S]. It is well-known that the bilincar space (G,.A;) is non-
degenerate, thus by the orthogonal complement theorem we gel dimF*' =
- dim G, —dim# = 2|S|—|S|=r. Since the subspaces F and F* have the same

dimensions and one of them is contained in the second one, thus # =¥~

Definition 1.2. A small self-equivalence of the field Q defined on the set S is

atriplet W=(S,7.{7,},.¢) where

1) S is a finite subset of IPand «=. 2 € S,

2) 7: 5 — IPisan injection,

3) 4.}y is a family of local isomorphisms 7, : Q,*/Q,*° — Qu,*/Qpy* pre-
serving [lilbert symbols. i.c. (a.b),, = (l l,(a),l ,,(b)),,_[/” forall ah € Q*/Q,*,

The above definition of small self-equivalence impuses some restrictions on the
map 7. Namcly 7{o) = 20, since p = = is the only clement of the set IP such that
dim Q,*/Q,* = 1. Similarly 7(2) = 2. since p =2 is the only element of the set IP
such that dim Q,*/ ,,*: =3. Moreover by preserving the Hilbert symbol by the
isomorphism 1, : Q,*/Q,* — Qp,*/Qy,,* it follows that the quaternionic struc-
tures of the tields Q,, i Qp,, are isomorphic, what holds it and only if T(p) = p (mod
4). Conversely, if the injection 7: 5 — IP fulfills these conditions, thus for any
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choice of local isomorphisms £, : Q,*/Q.*" — Qy,*/Qp* for p e S the triplet
(S. 7.4

Let us denote 5" = 7(S). By injectivity of the map 7 it tollows that the sets S and
S have the same cardinality. A small self-equivalence defined on .5 induces group
isomorphism 7 : G, — G which is a product of the family of local isomorphisms

pVpey) 18 a small self-equivalence.

determined by the equivalence. If [a],.,,,a,,]e(}x, then r.{la.....a,])=

Hi= {a € EJQ% 1 1o+ s (o€ iv(Ec IQ¥)) C EJQF
He=1{y € Ec/Q* : 1" i(v)e idEJ/Q*)) C Ec 1Q* .

Since the maps /. iy. 7y are monomorphisms. then ¢, =i;.' STy iy, maps fl

isomorphically into 7/ The situation is presented on the following diagram

. i .
Hyc EsiQ* ———» G
iy Ty
P i
He cEci@® 2 5

Lemma 1.3. For any small self-equivalence defined on the set S the following
conditions are equivalent:

1. Hg= EJQ*.

2. He = B¢ iQ"

3z B /QFY = i Fe 1),

Proof. 1t suffices to notice that by lemma 1.1 dim idEs /Q*") = dim iy(Es /Q*7),
because the sets S and S are equinumerous.

Il at least one of the conditions ol the above lemma 1.3 is fultilled, then the
small self-equivalence M will be called regu/ar. In the other case we say that
small self-equivalece is irregufar and the number def*R — dim EJQ* — dim /4 we
call defect of small self-equivalence. If the small self-equivalence defined on the
set § is regular. then /4 is a group isomorphism between EyQ* and £./Q* and the
cquality rg #iy =ig 7 holds.

thy

Definition 1.4. We say that the small sclf-cquivalence R =(S.7.17, Ypesy ) 15 an

extension of the small self-equivalence W= (8.7} ,.o) Il
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1) S8,

2) the map 7 1s an extension of the map 7,

3) 1, :t:;,“ forall pes:

4) H, = Hy and the global isomorphism ¢ is an extension of the isomorphism /.

We say that the extension ‘R, :(.S'l.?].{fj,“},,esl) of the small self-equivalence

RN={S. 1.4, ,.5) is determined by ¢.¢"e [P and the local isomorphism
f: Q,'“'*;"ﬂ)q"‘2 — Q‘/‘*IJQ‘,-*: where S, =Sw{y} and 77 is an extension of 7" such

that Th{g) = ¢" and {l(”‘ =it

(TR
PPN « l"

1)
phpes TR

We shall show that any regular small self-cquivalence delined on arbitrary [i-
nite subset of IP containing 2 and o can be extended to a rational self-equivalence.
Next we will notice that the map ¢: Q*/Q* — Q*/Q* obtained in such a con-
struction induces a strong automorphism of the Witt ring W(Q) of rational num-
bers. We shall show how to control the construction in order to get uncountably
many rational self-equivalences or uncountably many strong automorphisms of
Will ring #(@Q).

1. The construction of rational self-equivalences

Lemma 2.1 Asswme that S < P is a finite set. .2 € Sand a <G, . Then there

exists a prime number ¢ &S and an element ¢ € E such that diagdcqQ*%) = a.

=3

Proof. Let a.....u, be integers. which are not squares and let o = [a@Q ;.

a-Q :7\ e 4, Q :1, . We can assume that ¢, €{l,—1}. By the Chincse remainder
theorem it follows that there exists a natural number & such that b = ¢ «, (mod 16)
and b=, (mod p7) for i=3,...n. Let us denote by M =(4p,-p,) and
o =ged(d,M). Then the numbers ’—; and % are coprime and by Dirichlet’s theo-
rem it follows that the arithmetic progression (f—;+k"i—j) xen contains infinitely
many prime numbers. Let ¢ be one such number coprime to M, thus g# 5. Let us
denote o = a,dy . It is obvious that a = ¢b (mod M) . hence a=ab (mod p;) and
gd =b{mod M)} thus Dby transitivity of congruence relation we have

gd = aw; (mod p?) and consequently «dy =g, (mod p7). Assume that ¢ = ad.
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Therefore we have cg =a, (mod p;). Since d|M hence d € £, and it follows that

the element ¢ = ¢ 1s In £
Notice that the numbers cg and «; are both positive or both negative. Moreover
v (a)=v{cg)<2. 4<vi(eq—a,} and v, (a)=v, (cq)<2<v, {cq—a,). then

by Hensel's lemma it follows that cgQ ,: =aQ'? for i=2,....n. Therefore we

&)

get i,\(_cqlll*z) =a. ]

Lemma 2.2. For any regulur small self-equivalence N =(S,T.1 } .5} and for

P
any prime number ¢ € P\S there exists such a prime wumber g'e¢ S' that for any
tume local isomorphism 1 .G, — G the extension of the small self-equivalence
W determined hy elements g, ', 1, has a defect not higger than 1. Moreover, there

exists « tame local isomorphism f‘; G, > G, such that the extension of self-

equivalence R determined by elements ¢, ¢, f; is a regular small self-

equivalence.

Proof Lel us fix $'=T7(8) and §,=Suig}. 1" M is a regular small sclf-
equivalence, then 7, =/, =i, :£,. Using lemma 2.1 there exists a prime number
¢'¢S' and an integer ¢ < £, such that Tq'= t)-(;). We define S, =S'u{q'} and
TN =T{py lor peS and T (g)=¢". Takc any clement xe E;. Since M s
regular, then there exists an clement x'e £ osuch that g (x)=x'". Since
ig (X) = [; i, (Y] iy (£), then according to lemma 1.1 S, {[;z/ (.v)],[c_].i‘! (q)]]=
= B, [;§)+ [5'4 (i,l (x},i,,(q))=0. Similarly i-\'i (.\"}=[.?‘-i‘_,.(x’ HES i\'i(E-\‘i)’ hence
according to lemma 1.1 B.\'. ([;".i(,-(.\")],[q_'.iq-(q' )])= B (;'c?)+ ﬁ,.(iq.(.\“).idl.(q‘))=
= 0. Using the first formula and the fact that r, maps isometrically the space
(Ges fiy) into (G i) we get Bv.q) = felvg) = Bule @ ret@) = 4, (¥ ag').
Using again lemma 1.1 for clements x'.g € E; and the second formula above we
get B\(?Zf)=ﬂ\(?'¢_/)— ﬁ’\(?‘a')= B (;' c7)= ,34(?';') In this way we have

shown that
B, (x.q)= B,(x.q¢). (N

In particular for x =—1 we have ﬁ:‘,(—l,q)z,[i!»(—l,q‘). which means (‘—f']= (‘7‘)
which is equivalent to ¢ =¢'(mod 4). The last tact implies existing the local iso-

morphisms of groups of square classes of ¢g-adic and ¢ -adic fields @,*/Q,* and
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Q}-*;’Q,{*z. Let ¢,: Q,[*N),j*:% Q.J,-*/Q,,-*c be any tame local isomorphism. By
definition 7, maps ¢-adic units to ¢ -adic units. Moreover since ¢ is not a g-adic

(IR E]

unit, then 7 {¢g) € {g".2'q'} . We shall show that g, ¢ "and ¢, determine the extension
R, of the small self-equivalence R . We have to show, that E¢/Q* = II, < II 5
Since R is regular. then the global isomorphism £ determined by R is delined
on whole group £, /Q*°. Take any element x € Hy = £y /Q*. There ate two cases
possible: 1. if 1,(q)=¢", then ,(x.q)= B, ot (@)= £,0,(x).¢) and 2. ir
=g, then  f{xg)= 6,4, 000,0)= 8,400 ¢)= B 000
+ B, (r‘f{'x),q')= /i!.(i‘,(x).q'). because t,(x) and u are ¢ -adic units. Therefore
ﬁq.({lr (x). u')= 0. Using the formula {1) for ¥'=/,(x) in both cases we get
Bl (x).¢') = ﬂ‘/.(rd{.r),q‘) and consequently  fg(x) =7 (x) in the group
Q,*/Q, # Therefore we have shown that z'.\.l(i'_\»](.wr)):i\_i (1 (X)) € i (Es 1Q¥),
henee  xe Ao The defeet of rational  small  self-equivalence R, s
def(M))=dim £ /Q** — dim I, =dimEg Q% — dimH, =| S, |-|S|=1.

Now we will show that for properly chosen local isomorphism we will get

a regular extension of small self-equivalence R. Assume that
2y | : . ' ; :

Q%05 = {l.n.q.ug} and Q,*Q,* = {Lu' ¢ u'y"}. We define the local iso-

marphism £} ¢ Q5Q* > Q,*Q,* by 11 ()=u' and £(¢)=ag'. The remain-
ing values of t; are uniquely determined: f; (=1 and r;(uq) =u'uy'. We can see
that 7, is tame. If & is a square in @, then 7 is a simple local isomorphism, in the
other case 7] is a skew local isomorphism.

It is casy to notice that Ey IQF = EJQ¥ U qE_\-/Q*z. In order to show that the
small rational sclf-cquivalence R, determined by 9% and the clements ¢, ¢ and 7}
is regular it suttices to check if ¢ € I7,. that means it the extension 7, of global

isomorphism #; can be defined for element quSl/Q*E. Easy calculation
0 lis (@)= T.,\-.(Iq~ql)=[f,s(q),t;(q)]=[aqlaq’]=i$i (uq')eisi(ES]-) shows  that

ty(g)=aq'. In general 7y (xg")=t(x)(ay')" forall xe E, and e e {0.1}.

Lemma 2.3. For every rational small self-equivalence M=(S.T.41,},..) with
defect equal 10 | there exist prime numbers ¢, g€ P and a local isomorphism
t,:G, > G, such that the extension of R determined by q. q'. 1, is a regular

smedl self-equivalence.
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Proof Let us denote by §° = 7(8). Let 7y be a fixed global monomorphism
determined by R . According to hypothesis dim £y /Q** — dim /s —1, hence there

exists S-singular element x such that 7, (;) gi.(Eys /Q*). By lemma 1.1 it follows

that io(Es /Q*') equals to its orthogonal completion, hence every element, which
does not belong to this set can not be orthogonal to all its elements. This means

that there exists S7-singular element v € Q* such that /i\-..(zﬁ\-.(} },;) =1.

For any ze E,we have f.(r.( x). r'\_-(;)} = x.z)=0, hence ve H.. Next we
have [ig(r;'(;).;):ﬁ\-.{i r_\.{;c)):l._ thus r;'{;')esi.\.(E\- /Q*%). By lemma 2.1
there exists a prime number ¢ .5 and the number o = £, such that E B rgl(I).
Similarly there exists a prime number ¢'# §'and the number «'e E,.. such that
Tq'= rx(}). We define two sets S) =S Uiy} and S'=S"Ufg'}. First we notice
that if zQ** € /. then z € Qq*:. In fact. since z and aqg are S;-singular elements,
therefore by lemma 1.1 it follows that S, (;,;1)=0 and consequently we get
B (zeaq) = Plzoaq) = Polz.75 (30) = Bedrs(2).y) =0. The last equality follows
trom 7, (2),y & i (Fy Q). Since £ is g-adic unit modulo @*°, hence by equalities
v,(ag)=1and B (z,aq}=0 it follows that z = Q,,*:.

Analogously taking any §'-singular element z° such that z Q% e H, and using
equalities /3 (z'.ag") = /J)‘\--(;., r‘\.(;)) =Bz (= ),x)=0 we find that z Q.
Since —1c H, and -1c A, thus in particular it follows that -1 € @,* and
-1 < Q(,~*:. This shows that ¢, ¢~  IP;.

We extend the small sell-equivalence R o equivalence R, =(S.7.{1,} ) by
extending bijection 7 to the set Sy and setting T(g)=¢". [t remains to define
a local isomorphism £, : Q,*/Q,* — Q,*/Q,*". Let « be a g-adic unit such that
B, (.ag)=1 and let ' be a ¢ -adic unit such that S (', d'¢"}=1. The classes of
squares of elements # and g make the basis of @, */Q,*" and the classes of squares
of elements " and ¢ ¢ " make the basis of @Q,*/Q,*’. We define the isomorphism

by 1, () dq,rlaq) .

Since —1 s a square in lelds Q, and @, it [ollows that every group isomor-
phism mapping the group @,*/Q,*” into Q,*/Q, * preserves 1lilbert symbals, thus
in particular for ¢, defined above we have (x,y)q =(t‘,(.\‘).,1(,('1-‘)):!. lor all

X, ¥ € Q,*/Q,‘,*:. By adding 7, to the tamily of local isomorphisms determined by
the small self-equivalence R we finish the construction of small self-equivalence
R, .
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It suffices to show that R, is an extension of N. Notice that J7; < /i, . In fact, let

Qe IIi and let ¢.(z) = z'. that means rx(;):?. Then z Q* < Il Since - =1
in group Qt,*fQ(,*‘! and z'=1 in Q(,-*/Q,,-*:', then 7. (z)=z'" and it follows

ro{z)=2z"in Gy and consequently zQ* « H .

It follows by above argumentation that if 0% e Hy, then Ty (;J =7,(z).
Theretore the global monomorphism 7, for small self-equivalence W, is an ex-
tension of 7¢. This finishes the proof that 9, is an extension of 9N,

Now we shall show. that the square classes of elements x and ag are in .
Since x and ag are S;-singular. then by lemma |1 we get equality 3 (;,E) =0.
Thus we have [ {(x,aq) = [3; (.;'.u_q) =[ (,_\‘, r;.] (;‘}) =z, (;),_;} =1, henee x =
in group Q*Q,*. By definition of 7, we have t,(x)=aq". With the fact
T, (x)= a'_q' we get 1 ()= u'_q' in G-.\'i' Now since u'¢' < E-\‘i /Q,*, then
¥0¥ H. Similartly y and a'q’ are S,'-singular. then we have
Bod'q)=p (;Tq') = ,B_\..(I', T (;)) = fFelry (,;)._l_?) =1. Therefore v=4«" in the
group Q,-*/Q,,«*: and by the definition of isomorphism ¢, we have
ay = 1‘;’ (w')=¢(, '(v). On the other hand E = r;'(;), hence we get a_q = r‘:.]'(;] in
(7. The element ) is S-singular. thus it is S;-singular too, hence agQ** Hy . As
a consequence we gel the inclusion 77w {.\'Q*“)‘ qu*"} < Hy,.

By definition of elements y. a¢ it follows that xQ* = EJQ* I and
aqQ* ¢ EJQ* . henee dim H zdim f{; +2. The set Sy was constructed by add-
ing one prime number (o the set S. thus dim E /Q* = dim E¢/Q** + 1. Finally we
get inequality det®, = dim F /Q* —dim < (dim FyQ* — 1} «(dim Hs+2) =
= dim EJQ* - dim Hy—1 = detR - 1=0.

This finishes the proot of regularity of the rational small self-equivalence R .

Theorem 2.4, For every subset A < Py there exists a rational self-equivalence
(7.0) such that induced local isomorphism 1, : Q *'Q,* — Q¥ /Qu,* iy simple
7 / ' 7 ty ty it
(i, e. it fulfills condition tAgQ,*"y — T(@Qy, %) if and ondy if g € A,
WAL Aqy 7 TR Vi g

Proof. The rational sclf-equivalence will be constructed ot some fixed small ra-
tional scli-cquivalence defined on the sct S=12.2} by adding suitable prime
numbers, On cach step of construction we have to control local isomorphisms as-
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sociated to prime numbers [rom IP:. Il starting simall-equivalence is not regular,
then by lemuna 2.3 it can be extended to a regular small self-equivalence on the set
S enlarged with one prime number from the set IP,. ‘The small self-equivalence

obtained in such a way we denote by 0, ={5,. 7,47 .} ..y, )-

Assume that after m-th step we get a regular small self-equivalence
Enw:(s Znﬁ{'( ; }

Fi Y peSy
Step A. Let g be the smallest prime number such that ¢ ¢ S, [f ¢ = IPy, then by

lemma 2.2 there exists a prime number ¢'=7, (S, ) such that with the proper

"

choice of local isomorphism /, the extension W ,,, of the small self-equivalence

m+l
W, determined by ¢, ¢ "and ¢, will be a regular small self-cquivalence.

It ¢ =IPs then by lemma 2.2 R, can be extended to some small self-
equivalence Y. with any choice of local isomorphism «,. Therefore if ¢ € A, then
we assume that /, is a simple local isomorphism and in the other case we choose
a skew local isomorphism for 7, 11 the obtained extension is regular, then we take
N, =M. and we go 1o the next step. [f the defect of small self-equivalence ‘R,
equals 1, then by lemma 2.3 by adding suitable chosen prime numbers ¢. ¢ " € [P
we get some regular small self-equivalence. which we denote by %,,_,.

Step B. We proceed as before with small self-equivalence inverse to %,,,,.

which we denole 1R’=(S’.T'.~‘1'/" 3. We choose the smallest prime number

ey

¢'e S'. As previously it' ¢ € IP, then adding ¢ " and properly chosen prime number
¢ € IPAZ(S") to W' and suitable local isomorphism we get regular small self-
equivalence W',

It ¢ e IP\S", then there exists a prime number ¢ & IP:i7(S") which for any
local isomaorphism 1;1. 1G, — G, gives the extension of small sclf-cquivalence %'
with a defeet equal to 1. Similarly as before we choose a simple local isomorphism
if ¢ € 4 and we choose a skew isomorphism in the other case. If the obtained
extension is not regular, then by adding properly chosen prime numbers trom [Py to
the sets .S" and 7(S7) we get a regular small self-equivalence. Regular small self-
equivalence W' obtained in this step is an extension of small self-equivalence
inverse 1o W, . The small scll-equivalence inverse to M" we denote by R, _,
and go 1o step A, OfF course the small scll-cquivalence |, ., is an extension of
N,
Continue this procedure we get one-to-one bijection of the set IP into itself. In
order to define an automorphism ¢ of the group of square classes Q*/Q* notice
that every regular small self-equivalence (S,.,7, . ) delines isomorphism

T
0 pely,

te, " Fy Q* > E. /¥ preserving Hilbert svmbols. Fvery nonzero rational
D Sone Sy 4 - -
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number « is a linite product of prime numbers with integer exponents, hence
. 2 1. :
ek for some m < IN. It suffices to assume that (¢@*") = ¢, (a@*7). It is ob-

vious that the value of #a@*") does not depend on the choice of . In fact. assume
that « < E-"m. and g€ £, . We can assume that m; <m,. Then E—\'».] c £¢ and

sy

by the fact that 7, is an extension of I, We have ¢ (aQ*) = L (a@*").

We have shown that the pair {7.7) is a rational self-cquivalence.

Theorem 2.5. The group of strong automorphisms of Witt rings of rational
numbers is uncountable.

Proot. It known (as follows from [1], [3] and [7]) that there exists one-to-one
correspondence between rational self-equivalences and strong automorphisms of
Witt rings {(comp. [1][3] and [7]). On the other hand every rational self-
equivalence uniquely determines the set of this prime numbers with simple local
isomorphisms. Since every subset {from the uncountably family of subsets) of P
is a set of prime numbers, which imduces simple local isomorphisms, hence the
group of strong automorphisms of Witt ring W(Q) is uncountable.

References

| 1] Czogala A.. On reciprocity equivalence ol quadratic number fields. Acta Arith, 1981, S& (1. 27-
46,

[2] Czagala A, Tilhert-symbol equivalence of global fields. Prace Naukowe Uniwersstetu Slaskiego
w Katowicach vol. 1969, Wyd. Uniwersvietu Slaskiego. Katowice 2001 {in Polish)

[3] Czogala A.. Hilbert-symbol cquivalenee of global function ficlds. Mathematica Slovaca 2001,
51,4, 383-401.

|4] Browkin )., Field theory. Biblioteka Matemalyczna 49. PWN. Warsaw 1978 (in Polish).

|5] Cassels LW.N.. Frohlich A, (¢d.). Alecbraic Number Theory. Academic Press. London. New
York 1967.

|6] Serre J.-P.. A Course in Arithmetic. Springer-Verlag. New York, FHeidelberg. Berlin 1973,

[7] Stgpich M. A construction of infinite set of rational self-cquivalences, Scientific Issues, Mathe-
matics, XIV: 117-132, Jan Dhugosz University . Czgstochowa 2009,

|8] Marshall M., Abstract Witt Rings. voluine 37 of Queen's Papers in Pure und Applied Math,
Queen's Universin. Ontario 1980,

|9] Stgpien M. R.. Automorphisms off Will rings and quaternionic structures, Scientific Research of
the Institute of Mathematics and Computer Scicnee Czgstochowa University of Technology 2011
1103, 231-237.



