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Abstract. The implémentation of the lattice Boltzmann method (LBM) for the solution 
of the transient heat conduction problem is presented. The one dimensional task is consid- 
ered and the different boundary conditions, specifîcally the Dirichlet, Neumann and Robin 
ones are taken into account. The D1Q2 lattice model is applied. To check the accuracy 
of the LBM algorithm, the same problems háve been solved using the explicit variant of the 
finite différence method. In the final part of the paper, the results of computations are shown 
and the conclusions are formulated.

Introduction

Over the last decade the lattice Boltzmann method (LBM) has been developed 
as a promising computational tool to analýze the large dass of engineering problems, 
among others, the heat transfer problems [1, 2], In this paper the LBM has been 
applied in order to solve the Fourier équation

XeD: = XV2 T(X, t) + 0(X, t) (1)

where X is the thermal conductivity, c is the volumétrie spécifie heat, Q(X, t) 
is the source function, T, X. t dénoté the température, spatial co-ordinates and time. 
The équation (1 ) is supplemented by boundary conditions

IeFi: T(X, t) = Th

. . dT(X, ń
X e T2 : q (X, t) = -X—= qh (2)

on
, x dT(X, t)XeT3: g(X,/) = -X 7 = a[T(X,/)-Tfl]
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and the initial one

t = 0 : T(X, 0) = Tp (3)

where dT/d n dénotés the normal derivative, n is the normal outward vector, 7),, qh 
are the known boundary température and boundary heat flux, respectively, a is 
the heat transfer coefficient, Ta is the ambient température and Tp is the initial 
température.

1. Kinetic équation

The Boltzmann transport équation can be written as [2]

—+ e-V/ = Q (4)
dt

where /'is the distribution function, e is the velocity and Q is the collision operator. 
It should be pointed out that it is difficult to solve équation (4) because il is 
a function off and in a general case it is an integro-differential équation [2].

The starting point of the lattice Boltzmann method (LBM) is the kinetic équation 
[1, 3,4]

7+e, ■Vf1{X,t) = Q.j, i = \,2,3,...M (5)

where / is the particie distribution function denoting the number of particles 
at the lattice node x at the time t moving in direction i with the velocity e, along 
the lattice link h = e,At connecting the nearest neighbors and M is the number 
of directions in a lattice through which the information propagates. The term Q, 
represents the rate of change of/ due to collisions and is very complicated [2],

The simplest model for Q, is the Bhatnagar-Gross-Krook (BGK) approximation 
[1,4]

q,=-1[/(^)-./°(^,/)] (6)

where t is the relaxation time and/°(X t) is the equilibrium distribution function.
It should be pointed out that in the case of heat transfer problems 

the equilibrium distribution function is given by

fl°(X,t) = WlT(X,t) (7)

M
where w, are the known weights, at the same time = 1.
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Additionally, the temperaturę T at the lattice node x and for time t is calculated 
using the formula [1,3]

T(X, =
(8)

From équations (7), (8) results that

M M M

1=1 i=l 1=1 (9)

2. Lattice Boltzmann method for ID problem

In this paper. for ID problem, D1Q2 lattice model [1, 5] has been used 
as shown in Figure 1. Nodes 0 and n are the boundary ones, while the nodes 1, 2, 
... n - 1 are the internal ones.

77-1 n7-1 j 7+1

Fig. 1. D1Q2 lattice

In such case the lattice Boltzmann transport équation can be written as [4]

For the D1Q2 lattice, the two velocities q and their corresponding weights w, are 
as follows

<?, = v, e2 = -v

2
(H)

= w2 =

at the same time v = A / Ař (h is the lattice distance from node to node). 
The relaxation time r is computed from [1] 

(12)

where a = Mc is the thermal diffusivity and At is the time step.
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In other words, two équations should be solved, námely

GäCm) a/Jx,?) ir 0 -, Q(x,f)

(14) 
5t 5x tl ' J " c

The approximation of the first derivatives using right-hand side differential 
quotients is the following [2, 6, 7]

a/i _ /1QU + AQ-./1O, 0 
5t At

5f f(x + h, t + At)-f(x, t + At) 
5x h

and using left-hand side differential quotients is of the form

a .A f2(x, t + At)- /2 (x, t)
5t At

5 f2 f2(x,t + Ať)-f2(x-h,t + Ať) 
5x h

Introducing (15) into (13) and (16) into (14), respectively, one obtains

f (x, l + A/)-/1(x, t) f (x + h, 1 + Al)- f (x, l + Al) 
At h
= --[.A (*> 0 - /i° 0] + wi ^X’

T L J C

and

/2(x, t + Az)-/2(x, t)  f2(x,t + At)-f2(x-h,t + At)_ 
At V h

= -~[fi & t) - f2° (x, z)] + w2 Q(~X’?) 
T L -1 C

From équations (17) and (18) results that

V/ 7 A x (-. AG y, x At -0/ A O(X, t)
ffx + h, t + At) = 1----- /i(x, t) H---- f (x, t) + wlAt—----

T ) T C
yz , * x f At) z. z z At .»z x . Ö(X, t)f2(x-h,t + At) = 1----- \f2 (x, t) h--- f2 (x, t) + w2 A t —-------

( T !' T C

(15)

(16)

(17)

(18)

(19)
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this means

, = p _Ą£V + Áíyjo/’ + W| At ^L, j = 0,1,..., n -1
V T ) T C

kp—/2^ + ^aÆ j = n, n —
\ t ) i c

(20)

In équations (20) (c.f. formula (7)):

f2°f=^Tf (21)

where Tf dénotés the temperaturę at the node j and time tp.
Additionally

(22>

It should be pointed out that in numerical realization it is convenient to divide 
the algorithm into two steps:
- collision step: for each node the right-hand sides of équations (20) are calculated

f p^ = ( 1 -—V + ^Lf °p + w At j = 0, 1, 2,n
a I / <Zj/ j / I J O J j j '\ X ) X c

f x = r! _ Afj + A£ Ao, + W2 Át &L j = Œ j 2 n
y T J r c

(23)

- streaming step: obtained values are assigned to the adéquate nodes (Fig. 2)

(24)
CKC1, y = «-i,«-2,...,o

/2;-i=/2r', 7=1,2,...,«

It is visible that two values are unknown, this means fx, /2p+x and these values 
are determined from the boundary conditions.

n

Fig. 2. Streaming proccss
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For example, if for x = 0 and for x = L the Dirichlet conditions: T (x, 0) = Tw, 
T (x, L) = Tz are assumed then (c.f. formula (22))

./liT1 + fi^ = Tv -> ,/r’ = Tv - f^' (25)

and

./T1 + =TZ^ f2p„+' =T:- f?;' (26)

In the case when for x = L the Neumann condition: -'kdT(x, t)/dx = qh is accept- 
ed, one has

n-pl _ rrP+^ z,
-À " , = qb T^' = ~~qh (27)

h K

and next

fp+\ , fp+i — pp+i , /■/>+! _Az> < fP+i - pp+} fP+i _ /P+i ms\
Jln + Jln ~ 71n-l +72»-l J In ~ J ln-1 J 2»-l Jln % tz02

For Robin condition: x = L: -X57(x, i)/<3x = a|Y(x, t)-Tu] one has

/ P+i_T\ tp^ =_L_Tp^+_?^—T (29)
Â\ n Cl I rl <> i rl 1 r. j cl x /v 7 À + a/z À + a/z

this means

/■p+l i /-/>+! _ / pp+1 i /P+l \ , ah 't fP+1 _  
Jln Jln “ , I J\n-l "T Jln-l ) “T , ,7a J In ~À + a/zx ’ K + ah

(30)
( PP+^ , fP+'‘ )_ fP+\ , T 

T AJln-l^Jln-l] Jln "T-, , 1aX + a/zv ’ À + a/z

3. Finite différence method

(31)

To verify the LBM the same problem has been solved using the explicit scheme 
of the finite différence method (FDM) [6-8]. For ID problem and internai 
node j the following approximation of équation (1) is used

h1

rpp + l _ Jip J? p _ QJ^p + T p— -- -— — x— -- ----—
At
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where h is the constant mesh step, Tp_x = T(xJ_i,tfj, Tp =Tyxi,tf'j etc.

From équation (31) results that

rfl = + +tp+i yQLNt (32)

The criterion of stability of this explicit differential scheine is following: 
l-(2aA///z2) >0 [7, 8],

4. Results of computations

The layer of thickness L = 0.05 m madę of Steel is considered. In computations 
the following input data are introduced: À = 35 W/(mK), c = 4.875 MJ/(m3K), 
source fonction Q = 0. Initial température equals to Tp = 0°C, mesh step: 
h = 0.00125 m (n = 40), time step: At = 0.1 s.

In the first example of computations the Dirichlet conditions in the form T(0, f) = 
= 0°C and T (L, t) = 100°C are assumed. In Figure 3 the température distributions 
obtained by LBM algorithm (symbols) and by FDM algorithm (solid lineš) for 
different moments of time are shown.

Fig. 3. LBM (symbols) and FDM (solid lineš) solutions - example 1

Figure 4 illustrâtes the température distributions under the assumption that for 
x = 0: T(0, i) = 150°C (Dirichlet condition) and for x = L\ dT (x, t)/dx = 
= a[T(x, t) - Ta\ (Robin condition, a = 10 W/(m2K), Ta = 20°C).
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Fig. 4. LBM (symbols) and FDM (solid lines) solutions - example 2

Conclusions

The lattice Boltzmann method for the ID Fourier équation supplemented 
by different boundary conditions and initial condition has been presented. 
The exempláry tasks háve been solved both by the lattice Boltzmann method and 
by the explicit scheme of the finite different method. The good agreement 
of the solutions obtained has been observed.
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