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Abstract. In this paper, we establish some generalized Ostrowski type inequalities for
functions whose local fractional derivatives are generalized s-convex in the second sense.

Keywords: generalized Hermite-Hadamard inequality, generalized Holder inequality,
generalized convex functions

1. Introduction

In 1938, Ostrowski established the following interesting integral inequality
for differentiable mappings with bounded derivatives [1]:

Theorem 1. (Ostrowski inequality) Let f : [a,b]—)R be a differentiable
mapping on (a,b) whose derivative f' : (a,b)—> R is bounded on (a,b), i.e
|| f '||w = sup | f ’(t)|<oo. Then, we have the inequality

re(a,b)

_a+b 2
<—+< ) b a
b—

ey

‘f(x)——ff(t)dt

for all x €[a,b]. The constant 4 is the best possible.

In recent years, the fractal theory has received significant attention. The calculus
on the fractal set can lead to better comprehension for the various real world models
from science and engineering [2-19].

The purpose of this paper is to establish some local fractional integral
inequalities using generalized s-convex in the second sense on real linear fractal set
R% (0 < <1). This paper is divided into the following three sections. In Section 2,

we give the definitions of the local fractional derivatives and local fractional
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integrals and introduce several useful notations on fractal space which will be used
our main results. In Section 3, the main results are presented.

2. Preliminaries

Recall the set R” of real line numbers and use the Gao-Yang-Kang's idea to
describe the definition of the local fractional derivative and local fractional
integral, see [14, 15] and so on.

Recently, the theory of Yang’s fractional sets [yang] was introduced as follows.
For 0 <o <1, we have the following «-type set of element sets:

Z“ : The a-type set of integer is defined as the set {O“,il“,i2“,...,in“,...}.

Q% : The a-type set of the rational numbers is defined as the set {m” = (%)a :
p.qe”Z, q#0;}.

J% . The a-type set of the irrational numbers is defined as the set
{m” ;t(g)a s pqeZ, q#0}.

R* : The oa-type set of the real line numbers is defined as the set
R*=0"uJ”.

If a”,b” and ¢” belongs the set R” of real line numbers, then

(1) a® +b* and a”b” belongs the set R”;

(2) a” +b* =b" +a” =(a+b)" =(b+a)";

(3) a“ + (b +c*)=(a+b) +c%

(4) a®b* =b"a” =(ab)* =(ba)”;

(5) a* (b“c“ ) = (a“b”’ )c“;

(6) a* (b“ +c* ) =a“b* +a%c”,

(7) a® +0% =0% +a“ =a” and a*1* =19a” =a”.

The definition of the local fractional derivative and local fractional integral can
be given as follows.

Definition 1. [14] A non-differentiable function f : R— R, x —> f(x) is
called to be local fractional continuous at x,, if for any &> 0, there exists ¢ >0,
such that

|/ G0 = f(xp)] <

holds for |x—x0| <9, where g£,0€ R. If f(x) is local continuous on the interval
(a.b), we denote f(x)eC,(a,b).
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Definition 2. [14] The local fractional derivative of f(x) of order o at x =x,
is defined by

SISy & (/0= /)

v X—>Xg (x _ xO )a

FPxy) =

B

where A“(f(x) f(xo)) F(a+1)(f() f(xo))

k+1 times

If there exists f“*V*(x)=D..D” f(x) for any xelIC R, then we denoted
fe Dy i1ya (1), where £=0,1,2,....

Definition 3. [14] Let f(x)eC,[a,b]. Then the local fractional integral is
defined by,

IO = Zf(t YA,

1
I'(a+1)~ A
with A7, =1, —¢, and At = max {Af,,AL,.,...,Aty_, }, where [tj tj+1] Jj=0,.,N-1
and a =1, <t; <..<ty_ <ty =b isa partition of interval [a,b].

Here, it follows that 7, f(x)=0 if a=b and I} f(x)=—,I] f(x) if a<b.
If for any x €[a,b], there exists ,I7 f(x), then we denote by f(x)e I [a,b].

Lemma 1. [14]
(1) (Local  fractional integration is anti-differentiation) Suppose that

f@=g"wecC, [a,b], then we have
Ay f(x)=g(b) - g(a).
(2) (Local fractional integration by parts) Suppose that f(x),g(x)e D, [a,b] and
F9x), g9(x)eC,[a.b], then we have
JE S0 ()= f@g, =, I f O )g).

Lemma 2. [14]
d*x* LA+ka) (e,

& T(+(k-1)a)

B

! ‘Iixka (dx)* = _Tdvke) (b(k+l)a — ke ) keR.
T(a+1)7 r(+(k+1)a) ’
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Lemma 3. (Generalized Holder’s inequality) [14] Let f,geC, [a,b], p-q>1

with %+%:l, then
1 1 & , » | b \ 4
r(a+l)£|f(x)g(x)|(dx)“ S[1_(0{+1)J;|f()€)| (dx)“J [r(a+1)£|g(x)| (dx)“J .

In [7], the authors introduced two kinds of generalized s-convex functions on
fractal sets R* (0 <a <1) as follows:

Definition 4. Let R, =[0,4c0). A function f :R, ->R? is said to be

generalized s-convex (0 <s <1) in the first sense, if

Ju+2v) < K f )+ A% f ()

forall u,yeR, and 4,4, >0 with A’ + 4; =1. We denote this by f e GK..

Definition 5. A function f :R, - R“ is said to be generalized s-convex
(0 <5 <1) in the second sense, if

J(Au+ )< K f )+ 47 f(v)

forall u,veR, and 4,4, >0 with 4 + 4, =1. We denote this by f € GK.
If we have the reverse inequality, then £ is called s-concave.

Sarikaya and Budak proved the following generalized Ostrowski inequality
in [10]:
Theorem 2. (Generalized Ostrowski inequality) Let I R be an interval,

f:I°cR—R* (I' is the interior of I) such that feDa(IO) and
f(“)eCa[a,b] for a,bel’ with a<b. Then, for all xe[a,b], we have
f)——— L f@)

the identity
a+b 2a
cpe Uxa@) | L fx- (b-a)"
(b—a)” * L(1+2a)[ 4% \ b-a

In [8], Mo and Sui established the following Hermite-Hadamard inequality
for generalized s-convex functions on a real linear fractal set R* (0 <a <1):

r(l+a)

@

0

Theorem 3. Suppose that f:R, —->R” is a generalized s-convex function
in the second sense, where s (0,1). Let a,be[0,), a<b.If feC,[a,b], then
the following inequalities hold:
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(e f(a+bj< (all‘ff(t)< L(1+sa)

F(l+a) 2 ) b—a)a _r(1+(s+l)a)(f(a)+f(b))'

If f is a generalized s-concave, then we have the reverse inequality.

3. Main results

We will start with a generalized identity for local fractional integrals:
Theorem 4. Let / < R be an interval, f : I’ c R, > R“ (10 is the interior

of I) such that feD,(I°) and £ eC,[a,b] for a,bel’ with a<b. Then,
we have the identity

I'(l+a)
-a) *

2a 1
i (b (x); lci)(l +a) Itaf(a)(tx +(1-na)(dt)’ €)
—a .

(b—x)za 10: (@) «
_(b_a)“l“(1+a)‘[t S x+(1—1)b) (dr)
0

S - I f@©)

forall x e [a,b].
Proof. Using the local fractional integration by parts (Lemma 1), we have

I N P P «
Kl_r(Ha)!tf (tx + (1-1)a)(dr)
_ 1 fx+(1 —t)a)|1

(x=a)" |,

_(x—l;;olr;((xl a) ff (tx +(1-1)a)(dr)” @
K ffl?) ( —1;;1;((21 +a) ff (0x+ (1 =) ()’
_ F(x) ~ F(l+0[ )

(x-a)" (x-a)"T(l+a !:f(u)( "
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Similarly, we have

IR N e . «
Kz_r(Ha)!tf (tx + (1-1)b)(dr)

)
_ S TO+a) e
_(b—x)a (b—x)zal“(1+a);|:f( )(d) '

Using (4) and (5), we obtain

_ 2a 1
% jt“ £+ (1= 1)a)(dr)”

0

b— 2a 1 Y
_—(r i f)a) e £ e+ L— 0y ()
0

=(x- a)za K, —(b- x)za K,

I(l+a)} «
r(1+a) _[f(u) (du)
=(b-a)" f®)-T(1+a) J f@)

(b—a)” f(x)-

which is the required result.

Theorem 5. The assumptions of Theorem 4 are satisfied. If ‘ f(“) is

generalized s-convex in the second sense on [a,b] for some fixed s€(0,1), then
we have the inequality

r(l+a)
(b=a)" *

=2 [F(l+(s+1)a)][4“+( b—aj }(b @)

for all x€[a,b] where Hf(a)

I f(©0)

‘f (x)-
(6)
f(“)

0

70|

= sup
© te(a,b)

Proof. By Theorem 4 and since

f (“)‘ is generalized s-convex in the second

sense, then we have
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(1+a)

S =——2 @)
‘ (b-a)

@) (g + (1 t)a)‘(dt)a

<(b a)” 1+a jt
(b a)” 1+a ‘[t
e b
_(b—a)al“(1+a)£ [t
G- b
+(b—a)a1"(1+a)£t [
<Hf(“)
- (b-a)”

r
F(l+sa) (x— ) (b x)
L)

o T(sa) )1 (x—e .
- {WJ[_[—] }’”’)

Here, we used the fact

@) (pe+ (1 - t)b)‘ (dr)”

£+ =0 |1 @] |(ar)*

ARG RX(ED

70 |(ar)”

1

and

1
r(lm)!f*(l —0)* (dr)” = —~-

This completes the proof.

Remark 1. If we take s =1 in (6), then (6) reduces to (2).
a+b

= [(xma) + (b | ] [ gy |(ar)”

Corollary 1. Under assumption of Theorem 5 with x= > we have

the following midpoint inequality
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(b a) I(1+sa)
r(1+ s+1)a

el

a+b) I'(l+a) 7
‘f( 2 ] (b-a) Fo)<

Theorem 6. The assumptions of Theorem 4 are satisfied. If ‘ f ()" is

generalized s-convex in the second sense on [a,b] for some fixed s€(0,1), then
we have the inequality

I+a) o,

‘f(x) (b_a)a a[b f(t)

(T V[ r(esa)

<2 (r(1+(p+l)a) {F(H(Sﬂ)a)J @)

X[L+[x_a;b]2a (b_a)auf(a)
4% b—a

e 11
forall xe[a,b] where p,qg>1 with »rg=l

Proof. Taking modulus in (3) and using the generalized Holder's inequality
(Lemma 3), we have

I'(1+a) )
—( b—a)" Ay @)

<(b a)” It

1+a
jz

‘f (%)=

@) (g4 (1 - t)a)‘(dt)a

(b 1 - @ (g + (1= t)b)‘ (dr)”
Cl a

(x=a)“( 1 . 1 Hw P o)
S(b—a) Sl jt dr)” r(1+a)£‘f (tx+(1 t)a)‘ (dr)

1 1

s [F(11+a) Jo (e J {ﬁf [ a-om (@) }

q

Since ‘ f @ s generalized s-convex in the second sense on [a,b], then we have
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1
ra -
0

1 ; as| 4
Sr(1+a)j[t 4

_F(fil(:i—oll Uf of (“)H

a) a as
| +a-0

f(“)(a)‘q}(dt)“ (8)

¢ T(l+sa)

> T(1+(s+1)a)’

<2“

f(a)

and similarly,

« . I'(1+
q(dt) <o £« q(—wz)‘ )
»T(1+(s+1)a)
If we substitute the inequality (8) and (9), then we obtain the desired result.
Corollary 2. Under assumption of Theorem 6 with x= ath , we have

the following midpoint inequality

( a)"‘{ F(l—l—pa) J;’{ r(1+sa) T f(a)q‘
2 (L(1+(pna) ) (T(1+(s+1)a) .

Theorem 7. The assumptions of Theorem 4 are satisfied. If ‘ f ()"

I(i+a)
‘f() oy IO

1S

generalized s-concave on [a,b] for some fixed se<(0,1), then we have
the inequality

I(1+a)
S(x )—( b—a)" As f(0)

) (b —la)a {rz((;.:);)]q [r(fil(;iof)) a)]p (10)
{(x_a)za fm)(aTHjJr( e f(a)(b;xﬂ

for all xe[a,b] where p,q>1 with

+==1.

=

1
p
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Proof. From Theorem 4 and using generalized Holder's inequality, we have

1
105 (_;‘;,) AL FO)
< (X - a)zd j.ta () _ (dt)a
(b—a)' T(1+a)y
+ (b—x) | e+ (1 - t)b)‘(dt)a

1
q

1 e (e \* 1 1 et (-l ()
(b—a)“[row)f’ () (r(lm)ﬂf”( (1-0a) (d)}

"y |

Since ‘ f (a)‘q is generalized s-concave on [a,b], applying Theorem 3, we have

(@)
U b o AW
—— ([ e+ =p)a)| (dr)* = .
T(““)ﬂ ‘ (x-a) (11
PAR () a+x
Sr(1+a)f ( 2 J

and

q « e (@) b+x
@) <! ( ' j (12)

If we substitute the inequality (11) and (12), then we obtain the desired result.
Corollary 3. Under assumption of Theorem 7 with x= a_;—b’ we have

the following midpoint inequality

a+b _F(1+a)
f( > J (b—a)a Ay f(0)

ey (2 T

1oy,

(@[ a+3b
o)

@ (3a_:b)‘+

where p,q >1 with %+
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4. Conclusions

In this paper, we presented some Ostrowski type inequalities for function whose
local fractional derivatives are generalized s-convex in the second sense. A further
study could be assess similar inequalities by using different types of kernels or
convexity.
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