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Abstract. In this paper the polynomial mapping of two complex variables having one zero
at infinity is considered. Unlike with Keller mapping, if determinant of the Jacobian of this
mapping is constant then it must be zero.

Keywords: Jacobian, zero at infinity, polynomial mappings, Keller mappings

1. Introduction

The main question of this paper concerns an attempt to analyze the problems
connected with the special kind of polynomial mapping of two complex variables:
non-Keller mapping. In [1, 2] the rare mappings with one zero at infinity was
analyzed. It is shown that the Jacobian of non-Keller mapping being constant
must vanish. It is a new mapping unlike with Keller maps that were studied over
the last fifteen years [3-6].

In the generic case, the polynomial mappings with one zero at infinity are
probably non-invertible. Namely, let

szp+fp—l+fp—2+fp—3+"’+fi (1)
and

h=X"+h_ +h_,+h _s+..+h 2)

be coordinates of the polynomial mappings of two complex variables.
Now, let p>¢g>2. It seems that in the generic case, if Jac( 7, h) =const then

Jac(f, h)=0.
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2. The non-invertible mapping
Let

=X 4o+ fia+ Szt hi 3)

and

h=X%+h )

where k >3. The forms f, eC[X, Y] have degree 1<i<k-1.

Let additionally
KX va, x = )
2 1 k-1 k-1
where a,_ #0.
Lemma. Let
Jac(f. h)=Jac(f1,hl)=const (6)
Then
Jac(f,h)=0 (7
Proof. Let
f=x* +fk_1|l) +fk_2|2) +fk_3|3) +...+f1|k_1) ®
h=X>+ h|+ O+ 0 +..+ 0
where k >3.
In the next steps we have
D Jac(Xk,hl)z Jac( X7, f,y) )

SO

kX' Jac(X. ) =2X Jac(X. £, ) (10)
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and

%XH h+a,  X"=f, (11)

We assume further that a,_, #0

2)  Jac(fiyoh)=Jac( X7, £, ) (12)

Substituting (11) into (12) we get
k k=2 k-1
Jac(fk_l,hl)zJac(EX h+a, X, hlj

= fJac(Xk-2 Bk )+ (k=1)a X' Jac(X,hy)
° (13)
:%hlJac<Xk"2,hl)+(k—l)ak_le_z Jac( X, hy )

A2 e () (k1) X7 dac(Xh)

Therefore from (12) we obtain

@X“h1 Jac(X. M)+ (k—1)a,  X*7 Jac(X.h ) =2XJac(X. £, ,) (14)

Hence, dividing by 2.X, we have

- k-1
%Xk"‘hgac(x,hl)+%ak_l)("'3 Jac(X. ) =Jac(X.£,,) (15)
Subsequently

k(k—-2)
2%.21

k-1
X“'n? +( > )ak_le"3 h+a, X7 =f_, (16)

3)  Jac(fiohy)=Jac( X7, £ ) (17)
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Substituting (16) into (17) we get

Jac(fyp: ) ZJac(yXH n +—k2_ ! a, X h +a, X2, h‘j

k(k—2) k-4 72 (k_l) k=3
== Jac(X n ,hl)+Tak_1Jac<X hl,hl)
+(k=2)a,_, X* " Jac(X.h)
k(k—-2) - k-1 -
= 23 h12 JaC(Xk 4,h1)+(—2)ak—lhlJac(Xk 3ah1) (18)
+(k=2)a,_, X* " Jac(X.h)
k(k=2)k—-4)
=¢Xk i Jac( X, hy)
k—1)(k-3) _
+ %ak_le 4h1Jac(X,hl)
+(k=2)a,_, X" Jac(X.h)
Therefore the formula (17) gives
- - k-1)(k-3
MDD s o) e ETDED iy e ()
2 (19)
+(k=2)a, , X" Jac(X.h ) =2XJac(X. £, ;)
Similarly, dividing by 2X, we have
_ - k—1)(k-3
KEZDE=D) yioop2 pae(x, hl)+L2()ak_1Xk"5hlJac(X, )
272 (20)
L2 a,_,X** Jac(X,hl) =Jac(X, f,)
Consequently
k(k=2)k—-4) _,_ k—1)(k-3) -
M) e (D)D)
273! 2°2! 1)
(k=2)

+

k-4 k=3 _
@G, X T hta X =f

etc.
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Case 1. Suppose
k=21+1, [>1
In the step /+1 we obtain

Q1+1)-(21-1)-...-3-1

Y] B+ X(.)=2XF

Therefore X divides A ', so

and
fo = A, X L f = A4X
Subsequently

Jac(f,h)=Jac(f,h)=0

Case 2. Suppose
k=21+2, [>1
Then

2[+2
IT+X21 I +ay, X = Jarn

where a,,,, #0.
In the step /+2 we obtain
(21+1)-(21-1)-...-3:1
21+ 1)

a, BT+ X()=2X7

Therefore X divides A ', so
h=BX
and

S = 221+1X21+1,---,f1 = ;IlX

(22)

(23)

(24)

(25)

(26)

27)

(28)

(29)

(30)

€1))
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Subsequently
Jac(f,h)=Jac(f,l)=0 (32)

This completes the proof.

3. Conclusion

In this paper the particular case of the form 4 for ¢ =2 was investigated. It is
not hard to show that if ¢ =3 then 4= X"+ B, X+ . Consequently, in a similar

way, we can prove that if the determinant of non-Keller mapping is constant
then in generic case, it must vanish.
It seems that in the case ¢ >3 the second coordinates /4 of considering mapping

has the form /= X+ Bq_lX‘]'1+...+ B, X+ h.

References

[1] Pawlak E., Lara-Dziembek S., Biernat G., Wozniakowska M., An example of non-Keller
mapping, Journal of Applied Mathematics and Computational Mechanics 2016, 15(1), 115-121.

[2] Pawlak E., Lara-Dziembek S., Biernat G., WozZniakowska M., A second example of non-Keller
mapping, Journal of Applied Mathematics and Computational Mechanics 2016, 15(2), 65-70.

[3] Wright D., On the Jacobian conjecture, no. 3, Illinois J. Math. 1981, 25, 423-440.

[4] Van den Essen A., Polynomial automorphisms and the Jacobian conjecture, Progress in Matemat-
ics 190, Birkhduser Verlag, Basel 2000.

[5] Van den Essen A., Hubbers E., Ploynomial maps with strongly nilpotent Jacobian matrix and
he Jacobian conjecture, Linear Algebra and Its Applications 1996, 247, 121-132.

[6] Bass H., Connell E.H., Wright D., The Jacobian conjecture: reduction of degree and formal
expansion of the inverse, American Mathematical Society, Bulletin, New Serie 1982, 7(2),
287-330.





