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Abstract. This paper contains the method of calculating the determinant of the block band
matrix on the example of n-dimensional Fourier equation using the FDM.
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1. Introduction

In this paper we calculate the determinant of the block matrix in the
n-dimensional case. We express this determinant by the symmetric polynomials of
m groups of variables by the symmetric polynomials due to each of these groups.

The Fourier equation describing the heat conduction will serve as an example to
illustrate how to calculate the determinants of the block band matrix.

2. Solution of the problem
The n-dimensional Fourier equation is the following form

no
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where A is a thermal conductivity, ¢ is a specific heat, p is a mass density, 7 is
temperature, X,, X,, ... ,X, denote the geometrical co-ordinates and ¢ is time.

Then approximations of the second order partial derivatives using FDM
are as follows
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and the time derivative approximation takes the following form

AT _ T;l,iz,...,i”,l _7;1,:'2, iy, l-1
At At

, 1<l<gq 3)

Thus, the internal iteration corresponding Fourier equation leads to the following
band system of equations

‘ 2 7;1—1,:'2,...,:',,,1 24 2 iy + A 3 7;1+1,'2 1n1+
(Ax,) (Ax)) (Ax))
A 24 y)
T T b
+ (sz)z iiy—L,. i1 (sz)z B0 sl ] + (sz)z iyt ] +...+ (4)
A 22 p)
Y T =
+ (Axn)z isin iy, =11 (Axn )2 SRR, + (Axn)z iysig iy t1,1
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for each time step /.
The main matrix of this system is a block matrix having the following structure

A 1

A=l 1 . 022 (5)

—'m,xm, (block dimension)
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while (n=1)
S _
1 a 1
A= : Do
1 a 1
i 1 aj -
The elements of the matrix 4, are in the form
a= 2)"2+ 222+...+ 2/12+ﬁ
(Axl) (sz) (Axn) At

Then

The calculation of the above determinant is given in the article [1]. Then

4, 1, ...
I, 4, I,
A, =| :
[1 Al
11
where
10
0 1 0
I = : :
0 1
| 0
Therefore,

—myxm,

—myxmy

m -1 msy— -2 Mo—
detAzzde{Al 2—('"21 ]Al 22+(m22 jAl 2“—..1:

= det[(z‘ll _pl,lll)(Al _pl,zll)"‘(Al ~Pim, Il)j| =

=det(4, - p,I,)-det(4, = p o1, )-..-det (4, p,,, 1))

where p,, , 1<i <m,, are zeros of polynomial
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filx)=x" —[mz _ljxmz_z +(m2 _2jxmz_4 to=
1 2 (12)

=(x—pljl)-(X—Pl,z)‘---'(x_pl,mz)

Consecutively,
yRs -
1, 4, 1,
A, =] oo T : : (13)
I, A, 1,
L 2 AZ-m;xm;
where
o -
0 7, 0
I,=| + @ . (14)
0 7, 0
ST 0 Il_mzxm2

Then we obtain [2]

m -1 ms— -2 M a—
detA3:de‘{A2 *—["”1 ]Az *2+(m3 ]Az *“—..1:

2
—det| (4 = o) (A = Pl )z = P, 1) | = (1s)
2)-

=det(A2—p21 ) det( =Pyl det( = Dom, I)

where p,, ., 1<i, <m,, are zeros of polynomial

-1 -2
fz(x)=x"”—[m3 jx"’3_2+[m3 ]x'”3'4+...=
1 2 (16)

:(x_pzjl).(x_pzjz)-...-(x—pz,mg)
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Generally,
m mn_l m,—2 mn_2 m,—4
detA =det| 4 " - 4"y A" =
1 2
= det |:(An—l - pn—l,lln—l )(An—l - pn—l,ZIn—l ) Teeet (An—l - pn—l,m . [n—l )j| = (17)

= det(A — D 11 - 1) det( pn—l,zln—l)"-"det(An—l “Puim, In—l)

<m,, are zeros of polynomial

n-1 —

fra(x)=x" —(m" —1]xmn_z+(m,, _2]x”""4 +o.=
1 2 (18)
:(x_pn—l,l)’(x_pn—l,z)"“’(x_pn—l,m")

The first element of the product (17) is as follows

where p, ., 1<i

det(4,,—p,, 1,,)=
=det[ (4,2 = poaid,s) =Pl ]
det] (A, = prsdys)=Posid s | oo
det[(A ~Puom A )—pn_l,JH} (19)
=det[ A, ~(pyy+ 20i) s |
det] A, —(Pyas+ Dois) s | oo
-det[An_2 —(pn_zﬂm"_z + P )h—z}
The above product includes m,  factors, where the first of them is equal to
det| 4, =(Poas* P o)z | =
=det| A, =Py 4 Py o) s |
det] A,y —(Pysat Doy + Py ) s | o

-det[A,H —(pn—s,m,,,3 FDuoy TP )IW—J

(20)
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The resulting product contains m, ; factors and the first of these factors is as fol-
lows

det|:An—3 - (pn—3,1 TP TP n—l,l)ln—3:| =

= det|:An—4 - (pn—4,1 tPus1 TPyt P n—1,1)1n—4]
ey
det |:An—4 - (pn—4,2 TPt Pyt P n—1,1)1n—4 } """"" )

'det|:An_4 _(pn—4,m,,_4 +p,,_371 +p,,_271 + pn—l,l)ln—4:|

where we have m,_4 factors.
Consequently, the initial factor in (19) takes a form

det[A1 —(ply1 tPyt et Py T Dt Pt pn_u)]]]-
-det[A1 —(ply2 Py et Py TPy TP +Pn_1,1)11}' ......... .
-det[A1 —(me1 Pyttt Py T D5t P +Pn-1,1)[1J = @)
=W, (Pry+ Pay+ot Pras + Py ¥ P sy + P i)

W, (pL2 Pttt Pyt Pt P +Pn-1,1)' ......... .

'I/VA1 (pl,ml TPttty TPy TPy TP n—l,l)
wherein the first factor of m, factors of the above formula takes the form
w, (pu TOoy Tt Pysn TPy T Py2n TPy ) =
= (_1)”11 |:(p1,1 TPy Tt Pyay TP TP oy TP ) -4 :|
'|:(P1,1 TPyt et Puai TPy T P2 T Pou ) - ﬂz] """"" :

'|:(p1,1 LI ZY Rt R SN o P +pn—1,1)_/1ml:|: (23)

pl,l +p2,1 +"'+pn—4,1 +pn—3,l +pn—2,l +pn—l,1]'

=/11-/12-...-/1m1(1— .
1

J1- PitPoyt et Dysy TPy TPy TP )
A,

A

my

.(1_ PutPyt et Dus T Pusi TP +pn—1,1]
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According to the above procedure we present the second factor of the formula (17)

det(A el PPV 1):

=det[ (4,2 = poaid,s) Dol |

det] (4,2 Pyalys)=Posal s |

det] (4,2 = Pya, Ts)=Poslss | = (24)
=det[ A, ~(Pyay+ P o) oz |

det[ 4, , (pn22+pn12)1”} ......... :
-det[An_z ~(Prams 4 P2 n_z}
where the first factor of above product is equal to
det| A, —~(Pyay+ Poi2)l0s | =
=det[ A, ~(Pps + Prast P oiz) s |
det] A, =(Pysst Poay +Posz) s | oo

.det[ A - ( Prsm . T Puor D ,1_1,2)1 n-sJ

(25)

and once again we have the first factor of the product (25)

det|:An—3 _(pn—z,l TPuont pn—1,2)]n—3] =

= det[An—4 _(pn—4,1 tPus1t P +pn—l,2)1n—4j|'
(26)
'det[ (pn42+pn31+pn21+pn12)1n4] """"" )

.det[An—zt - (pn—zt,m,,,4 tPus1 T Puori TPy ) 1n—4i|
The initial factor in (24) takes a form

det[Al _(pl,l TPyt et Dyay T Pysi t P +pn—1,2)]1:|'
'det[A1 _(p1,2 Tyt et Dy s TPyt Py +pn—1,z)[1:|' --------- - (27

'det[Al _(pl,ml TPyt TPy TPy TP +pn—1,2)]1j| =
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=W, (Pry+ Pas+ oot Poas + P + P s + P i)
W, (1’1,2 S 2 P ) R o N ) +pn_1,2)- ......... .
W, (pl,ml F Pyt et Py TPy TP 2 +pn_1,z)
For example, we calculate the first factor
Wy (Pt Poy ot Pras ¥ Puss TP s 4P iz =
= (=) [ (Pr1+ Pos ot Poas F Pacsy P oz ¥ P a2) =1 |
'[(1’1,1 tPutet Dy TPy TP +pn_1)2)—/12} ......... .

'[(pl,l tPpote et PugitPusi TP +pn—1,2)_/1m . i| =

—A A, ."’.ﬂ’ml (1_ Pt Dy, +"'+pn—4,1;:pn—3,l t P +Pn—1,2)'

1

19z PiitDoyt et Pyt Py TPy TP )
A,

A

gy

19z PotPoytetPusi P51t P P02
(28)

and the last element of the formula (17) is in the form

det( 4, =P, 1 )=

[
K

’det|: (An—Z _pn—z,m,,,zln—z)_p n-l,m ,,In—2i| = (29)
[

-det| 4, , —(pn_z,2 +Dim, )In_z] ......... .

4, _(pn—z,m,,_2 TP owim, )In—2:|
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where
det| A,y ~(Pyast P, ) a |-
—det| A, ~(Poas + Pocas + P, o |
det| Ay =(Poaa b Poas + P, ) o

-det[AH ~(Pasm . * Przs * P, )1 n—aJ

(30)

and
det[An_g (Pras P a4 P )1 n_a} =
= det |:An—4 - (Pn-4,1 tPusi TPy TP, )In—4:| : 631
-de‘[[An_4 —(pn_ék2 +Dusi t P TP )IW_J- ......... .
-det [A,M ~(Patmy F Paas ¥ P+ P, ) H_J
Finally, we obtain this formula
det[A1 _(pu tPyt et Dyt P D TP i, )11]
-det[A1 —(ply2 t Pt et Dyt Pt P TP, )]1] ......... .
‘det[Al - (pl,ml TPttty i TP TP pim, )LJ = (32)
=W, (pu s ZTR Y PNy R Y PR R )
-WAl (1’1,2 Pyttt Pt Pt P +Pn-1,m,,)‘ ......... .
W, (pl,,,,l 2SRRI SRR VR P pn_l,m,,)
where
w,, (pu Pt et Paaa T Posa Y P2 Y P, ) =
= (_1)”1l |:(p1,1 TPt Pyt Py Y Py TP wm, ) _;LJ :
(33)
-[(pu Pyt et Dy TPy TP +pn_17mn)—/12] ......... .

'|:(p1,1 R 2 2R el 2N o +pn—l,mn)_/1m1:|:
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Pyt Po vt Dpu TPyt Pt TP nim
1 Zl

{1 PutPo et Dy TP TP o +pn—l,mn]

A,

A

mny

(1 PutPo et Dyt Py TP o +pn—l,mn]

Therefore, we received the symmetric polynomial due to m groups of variables
Aps A ey /Iml 5Pits Pras s Pimy o5 Pmoits Pomoias o Powctom ) -
While

detd, (22,02, )'"'" W (34)

n

where

W :{1_ PitPotetDpsy TPyt Pyny TP J
n ﬂ/l

19z PtpPoyy Tt PDpay Pt Pyns P )
A,

A

my

.{1_ PoutPotetPps TPus1t Py TP ]

1 PatPoytet Dy TPusi TP woy T Pnoim, (35)
4

| PautPoytet Dy TPus i TPuoi TP poim,
A,

| PatPoyitetDus i TP i TPwoi TP oim,
A

gy

18 S, ot (<1)

my-my-..-m,

where §; (the first symmetric polynomial of the indicated above variables) is equal
to
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plhl piz,Z + pl .M 1 1 1
S= > 7 Sy | ko | Dy D et Dy
1<j<my 'j /11 2 i
1<i) <m, @)
1<, <y
15, <m,
T

NPt Pom et Dy |[Zy o

@y

(36)
where
T, =Tml_1(/11, Agsenes Ay ), T, =T, (xll, Ayyenes ﬂml) - the fundamental symmetric

polynomials of the rank m, —1, m, respectively,
@, ...,0,, - the first rank fundamental symmetric polynomials with respect to

the groups of variables p, |, p, .., ..., Pim, s Puiys Puias s Dot -

Other symmetric polynomials we count based on the repeated application of
Newton's formulas [3]. Examples of calculations we have given in articles describ-
ing 2D and 3D cases [4, 5].

However, the general schemes require rather laborious and time-consuming
computational techniques.

3. Conclusion

The article describes the procedure for calculating the determinant of the main
block matrix occurring in the system of equations for internal nodes of the area
described by the n-dimensional Fourier equation.
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