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Abstract. We consider continuous operators S+7 in Banach spaces, where S is
Fredholm and 7 is quasinuclear. By referring to the basic result of the Fredholm theory,
i.e. to the expression of the resolvent (1 + AT )7l of the operator 7 as a quotient of entire

functions of A, we derive analogous formulas for generalized inverses of operators S +7.
We apply the Plemelj-Smithies formulas describing terms of determinant systems for the
quasinuclear perturbations of Fredholm operators.
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Introduction

The classical Fredholm theory [1] is concerned with the problem of solving the
equation (I + AT )x =x, in the space C[a,b], where 7' is an integral operator with
the kernel continuous on [a,b]x[a,b]. The theory has been extended by many
authors, first by Riesz, Hilbert and Carleman, to square-integrable kernels.
Grothendieck [2] and Ruston [3] have generalized the theory to nuclear operators
in Banach spaces, Lezanski [4], Sikorski [5-7] and Buraczewski [8, 9] to quasi-
nuclear operators in Banach spaces. Later papers of Pietsch [10, 11] and Konig
[12] dealt with absolutely 2-summing operators and absolutely p-summing opera-
tors (p>2) in Banach spaces, respectively. The further important contributions
were made by Gohberg, Goldberg and Krupnik [13-15] for operators acting in
Banach spaces and belonging to normed algebras with the approximation property.

The analytic formulas for determinants and subdeterminants for endomorphisms
I1+T of C [a,b], where 7 is integral, were first given by Plemelj [16] in 1904.
A modification of these formulas was made by Carleman [17] and Smithies [18,
19] to make them applicable to endomorphisms 7 belonging to the Hilbert-
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Schmidt class of a separable Hilbert space. The later results were obtained by
Sikorski and Buraczewski in arbitrary Banach spaces. Sikorski [7] derived Plemelj-
-Smithies formulas for Fredholm endomorphisms 7+7, T being quasinuclear.
Buraczewski [8] generalized these formulas in the case of endomorphisms S+7,
where S is any fixed Fredholm endomorphism of order zero with its given deter-
minant system and 7 is any quasinuclear endomorphism. The further generaliza-
tion of the Plemelj-Smithies formulas in Banach spaces was made by Ciecierska
[20] for operators S+7', S being a fixed Fredholm operator with its given deter-
minant system and 7' being quasinuclear.

In the paper the Plemelj-Smithies formulas are used to provide generalized
inverses of any quasinuclear perturbation of a fixed Fredholm operator acting in
Banach spaces. By applying the results of the theory of determinant systems [7-9,
21], we derive formulas which generalize the basic result of the Fredholm theory,

i.e. the expression of the resolvent R(T;1)=(I+ AT)" of the operator T as a quo-
D(T;2)
d(T;2)
eralized inverses of any operator S+7 of order , S being a fixed Fredholm
operator with its given determinant system (Dn )nE NUo} and 7' being a quasinuclear

DH] (F) [59 §1,> tee é:r’m]

Vs Vs s N,

D,, (F)(f{’ cteo §;+;dj

ylla cees Y
The functions D,(F) and D, ,(F) are entire functions, coefficients of which can

tient of entire functions of A€ C . We refer to the result and express gen-

operator determined by a quasinucleus £, as quotients

be expressed by terms of a determinant system for S+7".

1. Preliminaries

We begin by recalling the terminology used in the theory of determinant sys-
tems. The notation is adopted from papers [5-9, 20, 21].
Given two pairs (5,X), (©2,Y) of conjugate linear spaces over the same real or

complex field K, we consider multilinear functionals on 5 x¥ ", u,me N U{0}.
$ireves &,
Viseeos Y
value at a point (51,..., E o Viseens ym) e Z“xY".Inthecase u=m=1,ie.if D

If D isa (u+m)-linear functional on =* x¥ ", then D[ j denotes its

is a bilinear functional on = xY, £Dy denotes the value of D at a point

(& y)eExY. A (u+m)-linear functional D on E*x Y™ is called bi-skew sym-
metric if it is skew symmetric both in variables &,...,£, and y,,...,y,, i.e. for any
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permutations p:(pl,...,p#), q:(ql,...,qm) of numbers 1,...,u and 1,....m
respectively, the following identity holds:
Spo o0 S s e
D D Pu — Sgl’lpsgi’lq D /;1 é:u .
y‘ll’ ey qu yl’ et ym

We denote by bss,,, (=Z.Y) the set of all bi-skew symmetric functionals on

‘xY". D is called (£, X)- functional on E* xY™ if for arbitrary fixed ele-

ments &,,...,¢, ¢, 5,6, €5 and yy,...,y, €Y there exists an element x;, € X

Cioeees GiisGsGinseees S,
yl’ cet ym
for arbitrary fixed elements $isenb, €F, Visews Vs Vjstse- s Ym €Y there exists

2l o “ | for every
Yisoros V5o Vjsrsees Vi

yeY (j=l,...m). A bilinear (£2,X)- functional on ExY is said to be an

such that &x, = D( j for every e & (i= 1,...,,u) and

an element o, € £ such that @,yzD(

operator on ZxY . We use L,, (Z.Y) to denote the set of all (£2,.X)- function-

als on 5“xY™; in the case u=m=1, op(5 — 2,Y — X) denotes the set of all
operators on = xY . Each functional D e op( > QY>> X ) can be interpreted
both as a linear mapping D:.= — 2 and as a linear mapping D:Y — X . Thus
Dy = (§D)y = f(Dy) for (f,y) € ZxY . For fixed non-zero elements x,e X,
®, € £2, the operator x, - @, defined by &(x, -, )y =&, - @,y for (£,y)e ExY
is called a one-dimensional operator on ZxY .

Given Aeop(.Q—)E,X—)Y), we  define N(A)z{xeX:szO},
R(4)={dax:xe X}, N(4)={we:04=0}, ®(4)={wd:0eQ}. 4 is said to
be a Fredholm operator on QxX of order r(d)=min{n',m'} and index
d(d)=n'-m', if dimN(4)=n'<w, dimN(4)=m'<w, R(4)=nN(4)" and
R(A): N(A)l. An operator Be op( - 0QY > X) such that ABA=4,
BAB =B is called a generalized inverse of A.

A sequence (D,, )ne N} fulfilling the conditions:

(d1) D,ebss, , (E,Y), where p,,m, € NU{O}, M, =l +n,
m,=my+n, min(,uo,mo): 0;

() D,eL,, ( Y);

(d3) there exists r € N U {0} such that D, #0;

(d4)  the following identities hold for ne N U {0}
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D’m{e%, j i Y £xD, [é‘o,---, SRPIRPRS f,,,,]’
Y,

Ax, yp"' i=0 y17 LERE] ym"

A, &...., m, . . ,
D,m(w : gﬂ"j=2(—l)ja)yj-Dn{ : 5‘"],

Yo s Y, J=0 Yoseoos Vs Vigoeees Vo

where xe X,we, {e&,y, €Y, i=l...pu,j=1...m,, is said to be
a determinant system for operator A< op(2— 5,X —Y). The least r € N U{0},
such that D, does not vanish identically, and the difference x, —m, are called the

order and the index of the determinant system (D ) respectively.

neNU{0} >
A linear functional F on op(5 — Q.Y — X) is said to be a quasinucleus on
op(E > Q.Y - X), if there exists T, cop(2—>5,X—>Y) such that
F(x-0)=ol,x for (0.x)e2xX. The set of all quasinuclei on
op(5 > Q.Y — X) is denoted by an(Q2—> 5, X »Y). Teop(Q—>5,X >Y)

is called a quasinuclear operator on (2xX, if there exists a quasinucleus
Fean(Q2 - 5,X —Y) such that T =T, . The number 7rF = F(I) is said to be

the wrace of Fean(8—>5,X—>X). For Fean(Q—>EX->Y) and
Ceop(& - Q.Y - X) we define CF e an(5 - 5, X — X):

(CF)4)=F(4C) for Adcop(Z - 5. X > X).

Suppose Debssﬂm( Y)mLﬂm( Y) and Fean(Q—>5,X »Y). We fix

Eioees S,
Viseees Y
function of variables &,), only, i.e. as the operator from op( > QY ->X )
Es &,
Yoees YV
the function which assigns to &,,... , €%, y,,...,y,€Y the number

FnD[étz’m’ u
YVoeeos Yy
FoDel ,u—l,m—l(E ,Y) and then repeat the above procedure to define

all the variables &l €8, yysisy, €Y and consider D( ] as the

The value of F' at the operator is denoted by Fl DD( j Denote by FaD

] . Thus FaDebss, , (£.7). Assume, for u>1,m>1, that

FoFaD e bss, ; , (£,Y). We iterate the procedure k- times, k = min{y,m}, and
define
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FoD, FoFoD, ..., Fo...FoD,
%,_/

k—times

5.Y) (i<k).Forafixed Fean(Q > 5,X >7Y),

provided Fo...FaDel, . _.(
— u—i,m—i

i—times

Fo denotes the function which assigns FoD to every Debss, #m( Y)nL,,(E.7).

‘1,m

We also use the symbol F™ to denote the modified k-th power of F, i.e.
F% =Ll Fo..Fo.
=

k—times

2. Plemelj-Smithies formulas

In this section we quote the basic results concerning the Plemelj-Smithies for-
mulas, which are necessary for the proof of the main theorem of the paper.
Consider a continuous kernel K: [a,b]x [a,b]—> R and the induced Fredholm

operator

b

I x(t) = I K(t, s)x(s)ds ,

a

r-c [a, b] ~>C [a, b] . In the classical Fredholm determinant theory the equation
(] + AT )x =X,
has a unique solution
X= R(T ; }u)xo ,
where R(T; 1) is the resolvent of the operator 7', i.e. R(T;4)= (I + AT)", provid-
ed 1L is not an eigenvalue of 7. The basic result of the theory is to write the

resolvent operator R(T ; }u) as a quotient

D(T; 1)
d(T: 1)

R(T: )= (1)

of entire functions of A€ C. Plemelj [16] wrote explicitly d and D in (1) in
terms of their power series

oolk
Tﬂ,: —d 2
)= () ©)
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o 1k
p(r:2)=3 %, (), 3)

parl 3
where d, are complex valued coefficients and D, are operator valued coefficients:
r(T) k-1 0 .. 0 0
(1) w(T) k-2 ... 0 0
d(1)-| : : : : 4)
(1) w(T7) o (7). oor(T) 1

r(T) (1Y) o (T%2) oo (T7) 0r(T)

and
7° k 0o ..
™ o) k-1 .. 0 0
D,(7)-] : : : : L Q)
™ u(r) wlr*?) . w(r)
() e (1) (T
with 7°=1.

Sikorski [7] generalized previous expressions for quantities d(7') and D(T),

due to Grothendieck, Fredholm and Plemelj, over arbitrary Banach spaces. He pre-
sented expressions both for the determinant and subdeterminants of any order of
the endomorphism 7+7. Let (6,) ., gy be a determinant system for

Ieop(E—>5,X—>X) and let Teop(5 —>5,X—>X) be a quasinuclear

endomorphism determined by a quasmucleusFean(z —):,X—)X), ie. T=1,.
We recall that:

6,.(F)=r%e

n+k >

for n,ke Nu {0} (6)

and that (8,(F)),_ ., oy defined by

-36,,(F) %
k=0

is a determinant system for /+7 eop( > EX->X ) Sikorski expressed the
coefficients of the analytic functions (7) by determinants involving traces of



An application of Plemelj-Smithies formulas to computing generalized inverses of Fredholm operators 19

iterates of 7. More precisely, let 7* denote the 27-linear functional defined on

E"x X" by the formula

ET'x, ... &T'x,

Tﬂk{glﬁ“" fn):z : Lo

Hover £Tx, £ Ty

n

where the summation is extended over all finite sequences of non-negative integers
iy....i, such that i, +...+i, =k for ke NU{0} and ne N . The Plemelj-Smithies

formulas for &, , (F) in (6) are of the form

o k-1 0
o, o k-2 0 0
1 . .
Oy (F)=1, @Ok(F)=F : i, keN )
Ok Ok O3 o 1
Oy Opq Ok 0, O
and
T’k 0
T! o, k-1 ..
| . . . .
@n’k(F):E : : : : i, neN, keNU{O}, 9)
‘Tnk_l Ok Oy o 1
Tnk Or Oy O, O
where
o, = F(r*")=17(r*) for keN. (10)

Buraczewski [8] extended Sikorski's result to endomorphisms S+7', where S

is Fredholm of order zero and T is quasinuclear. Let (D, )ne vufoy be a determinant

system for Seop(E—)E,X—)X) of order r(S)zO and index d(S)deO,
Uecop(5 - 5,X - X) be a generalized inverse of S, {z,,....z,} be a complete

system of solutions of the homogenous equation Sx=0. For a quasinucleus
Fean(5 - Z,X - X), which determines the quasinuclear operator

T=T,cop(E > E5,X - X) let

D, (F)=F"D

n+k >

n ke NuU{o}. (11)
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Then the sequence (D, (F)), .., oy defined by

D,(F)= fDn,k(F), (12)
k=0

is a determinant system for S+7 and the Plemelj-Smithies formulas are of the
analogous form as (8) and (9), where Tnk denotes the (2n + d)-linear functional

defined on & x X" by the formula

K[ 1o Gpea |
L (xl,..., X, ]_ (13)
§1(U )’1 Uxy fl(UT)il Ux, /fl(UT)'l z, /fl(U )’1 2z,
=2 : : : : ’
é 0Ty L &L OTY s, &, (OT) L E(UT) 2,

the summation being extended over all finite sequences of non-negative integers
Ijy...ri,,, suchthat iy +...4+i  , =k and

o, = F(ury~v)=1r(Ur)) for keN. (14)

Ciecierska [20] obtained the further generalization of the above result and
derived the Plemelj-Smithies formulas for any operator S+7,

Se op(Q >E2X-> Y) being Fredholm and 7T e op(.Q > E,X-> Y) being
quasinuclear. Let Fean(Q—>5,X >Y ) determine 7 and {z.....z,},
{gl,. . .,gm,} be complete systems of solutions of the homogenous equations Sx =0

and @S =0, respectively. For a determinant system (Dn) o for S and a gener-

neNu{
alized inverse U € op(E >0Y->X ) of §, the following formulas hold:

" k0 ... 0 0
Tn1 o, k-1 ..
Fo..oFaoD,,, -| : : : Do (15)
k—times Tnk—l O-k . O-k ) O-l 1
Tnk Oy O 0, O

for n,k € N U {0}, where

o, =Trl(Ury'ur) . (16)
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T°=D, and T' denotes the (2n+n'+m'—2r)-linear functional defined on

ETTTTx X" by the formula

68 ERRRE) § '~
Tﬂk( 1 nin'=r |
Yiseeos  Vowm'—r (17)
SO B E(UT) U, B Ry )
s (U™ Gy oo &y (UTY™ Wy, G (UTY™ 7 2 o &, (UT)™ 2,
= ¢ (TU),”H,.,M ¥ . G (TU)’"MLM Vowrs G I:T (UT):'('nmum) 3 .. g I:T (UT)](’n+n‘—1‘+l) z, >
c, (TU)',,H,uHm- Yo Gy (TU)',Hnurm‘ Voo G I:T(UT):'('wn‘—rw) Z oG, I:T(UT):I(',,murw) z,

where for s=1,...m", t=1,...n

(i;z+;z'—r+x) — 0 lf‘ in+n'—r+s =0
1\r\ur = .
S [ ( )] Z {gST(UT)I;an_Hx -1 z, l]p i _ 1’ Lk

n+n'-r+s

and Z is extended over all finite sequences of non-negative integers
By, ... such that i, +...+1 =k.

s tntn'=r+m' 0 n+n'-r+m'

3. The main result

In this section we describe generalized inverses of a quasinuclear perturbation
of a fixed Fredholm operator acting in Banach spaces. As a tool of the description
we use terms of a determinant system for the mentioned perturbation. We begin
with the following consequence of the main result of [20].

Lemma 3.1. [f (D,)
Seop(2—>E,X—>Y) of order r= min{n',m'} and index d=n'-m'>0, then
forany F ean(Q—E,X —>Y) the sequence (D, (F))WGNU{O} :

henopy 18 @ determinant system for a Fredholm operator

D,(F)=% D, (F). (18)
k=0
where
o, k-1 0 0 0
G k-2 0 0
Dy, (F)=1, DO,,((F)=F P 3 tH, keN  (19)
1040 Ohn Oy o 1
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and
) k 0 0 0
(Lo k=100
Z)M(F)zE FoE i i, neN, keNu{0}, (20)
];r_l O-k—l Gk—Z O-l 1
I o, o 0, 0,

o, being defined by (16) and T being defined by (17), is a determinant system for
S+1T,..

Now we are in a position to describe a generalized inverse of a quasinuclear
perturbation of a fixed Fredholm operator.

Theorem 3.2. We assume that:
(i) Seop(2—>E,X—>Y) is aFredholm operator of index d >0
and of a determinant system (D, )ne NUfo} s
(i) Fe an(!) > E,X->Y ) determines  the  quasinuclear  operator
Teop(Q—>5,X—>Y)
(iii) S+Teop(2—>E,X—>Y) is of order r(S+T)=r"and the determinant
system (D, (F)) o) defined by (18)-(20);

) y,...y.eY, &,... 5., €5 aresuch that

neNu

5=D,(F gl,’ f”’j"}to. (21)
Vis vees Yy
Then the operator Beop(E > 0QY->X ) defined by the formula
pefés G
Yo Viseeos yr' —_
EBy = 5 L 5 for (£,y)e ExY, (22)
Drr(F{ | R r+dj
y17 (RS} yr'

where coefficients of the analytic functions D,,(F ) and D, +1(F ) are expressed by
Plemelj-Smithies formulas, is a generalized inverse of S+T .
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Proof. Since (D,(F)),_,., {18 a determinant system for S+7" and HS+T)=
D,(F)#0. Moreover, elements y|,...,y. €Y and &.....5.,, €E satisfy the
condition (21). Since D, (F) is (£2,X)- functional on 5%/ x¥", there are ele-
ments ¢i,...,5, € Q such that

Dr'( )(é:l’ ) RS ) é:r':rdj

Vo cosVins Vs Vigsewos Vh
§;y=
(é, éj
yl’ s yr

Furthermore, it follows from (23) and from a bi-skew symmetry of D, (F) that

for yeV (j=1....r").(23)

g,y =9, (i,jzl,...,r’). Thus ¢,...,¢. and yj,...,y. are linearly independent.
Similarly, bearing in mind that D,(F)eL,,,.(Z.Y), there are eclements

Zy,...s 2,4 € X satisfying the condition

5’ ."’51,—’ 5’ §1+’ b §r+
D, () 5 s £ S £l

(fl’ R §r+dj
Vis woes Wy

Since D,(F) is bi-skew symmetric, it follows from (24) that £z, =9y

$z, =

j for €2 (i=1...,r" +d).(24)

(i,j=1,...r"+d). Consequently, elements z,...,z,,, and &,....E.,, are also
linearly independent. Moreover, the elements ¢,,...,¢,. are solutions of the homog-
enous equation a)(S+T ):0, because (23), (d4) and a bi-skew symmetry of
D, (F) imply that

¢ (S+7)x 5D,()[§“ T fr‘;d}

Vs e Vi (S+T)x, Visoeees Yo
— (-1 j—ll” i+ x D, (fp . 5:1’ §I,+1’ ) é;':—dj:()
(-1) 5;( )7 ex Do (F)| Y Vs

for each xe X . Similarly, elements z,...,z.,, are solutions of the homogenous
equation (S+7)x=0. Indeed, since D, (F)ebss,,,,(Z.Y), in view of (24),
(d4), we obtain

é:l’ "'sé:i,—lv C()(S+T), é:ill"“’ §;‘+dj
S+T D =
( + ) 5 r( )[yl, s y;'
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. . 651,5 ""é:l,—l’ é’:il+1""’ é:;”rd
_ _lll_ _1j+1 ,-D:_ F ) , , , :O
( ) S ( ) a)yf r 1( {yl’ "‘7yj—1’ yj+1,---’ Y J

for each we Q. Thus, {z,,....z,,,} and {g,.....c,.} are complete systems of solu-
tions of the equations (S +7)x=0 and (S +7)= 0, respectively.

Replacing & by a)(S +T ) in (22) and then applying (d4) for n=7r", in view of
a bi-skew symmetry of D, (F), we obtain

oL [ 6 e ).
o v, Vs cees Vi

zé a))}5+’2(_1)1a)y; Drl(F{gla cees fr'+d}:|:

/ !/ / !
j=1 Yoo Voo e Victs Vigtsees Vg

!

=y + % Z (-1Y &y, (~1)" D, (F)[fl’ s &rva J

/ ! ’ !
Jj=1 Yis "’ayj—la V> y./+1""5 Y

Taking into account (23), w(S+7T)By =wy-Y @)’ -,y for each (0.y)e 2xY .

J=1
Hence,

(S+7)B=J-Y ¥\ "¢,, (25)

=1
Je op(Q > 0Y->Y ) being the identity operator. Analogously, replacing y

by (S+T7)x in (22) and then using (d4) for n=r', by a bi-skew symmetry of
D, (F ) , we obtain

1 g glla tro g;'ﬁ-d
B(S+T)x=—D. (\F =
2B(S + ) 5 ol )[(S+T)x, e o yiv]

, =

1 & [ 1 f’ gl” tt fi’—l > fi’+l 2000 f}"'#—d J}
—— &5+ Y (-1)ExD.(F) -
5 g( ) ( yl’ ey y’,v

!

=¢C+l (_l)ié;i/x(_l)i—l Dr(F{gl:a ”'aé:i,—la é:a gi,+1>”'> g;'+d\}
o Vs cees Y
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r'+d
By (24), &B(S + T )x = &x — Z &, - Elx for each (£,x)e 5x X . Consequently,

i=1

r'+d

B(S+T)=1->z-¢, (26)
i=1

Ieop(5Z > E,X > X) being the identity operator. Formulas (25) and (26)
imply that (S+7)B(S+T)=S+T and B(S+T)B=B. This proves that B is
a generalized inverse of S+7 . Now, Lemma 4.1. yields the required result.

Conclusions

In the paper quasinuclear perturbations of Fredholm operators in Banach spaces
were considered. By applying the Plemelj-Smithies formulas, we described terms
of determinant systems for the mentioned perturbations. Moreover, we expressed
generalized inverses of such perturbations as quotients of entire functions. The
obtained result, in the case of the invertible perturbation, leads to the well-known
expression of the resolvent operator in the classical Fredholm theory.
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