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JANUSZ WYWIAL

1. Moments of the quadratic form

Let the random column vector Y has m-dimensional and nonsingular
normal distribution. Its expected value is the zero vector and its variance covari-
ance matrix is denoted by Z. Hence Y ~ N(u, X). Let B is a symetric non-random
matrix of degree m. Let us consider the following quadratic form:

Q=Y'BY (1.1)

Mathai and Provost (1992), p. 53, proved that
-1 (r— n-1/p —
E(Q)' = rz [r ljd(r—l—rl) 12 (rl ljd(ﬁ -l-ry)
I'l 20 rl 1'2 ZO r2

d® = 25%i{r(BE)*" + (k + p” (BZ) By} k=0,1,2, ..

where:

;4] <1; —1 fori=0,1,...,r and rp=1

Particularly:

0 (0
EQ) = > ((Jd(o) —d9=tr (BE) +p"B
I'l =0

E(Q)’=
-1
5 ( 1 jd(l—fﬂ 5 [fl - ljdm 1) :md(l) s (ljdw) (Ojdw) _
I'l :0 rl 1'2 :0 r2 O 1 0
=dM 4 (d(o))zzz tr (BZ)® + 4 u' (B Z) B p+( tr (BE) + u' B p)’
D*(Q)=d"=2tr (BE)*+2u"BEZBp

Now, we are going to derive an another representation of the moments of
the quadratic form Q under the assumptions that the vector Y has m-dimensional
and nonsingular normal distribution N (O, Z).
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The moment generating function of the random variable Q is (see: Mathai
and Provost (1992), p. 41):

1
M(t) =[u()] 2 (1.2)

where:
u(t)y=det I-2t BX) (1.3)

The n-th moment of the random variable Q is determined by the equation:
E(Q")=M"(0),n=1,2, ... (1.4)
where M™(t) is n-th derivative of the function M(t). Let u™ = u™(t) be the n-th

derivative of the function u(t). The first derivative of the generating moments
function is:

MD(t) = v, (t) u(t) = viu (1.5)
where:
1 -2

vi(t)=v, =v" =—Eu 2 (1.6)

Let us define the following function:

e—1
v.()=v, =(-1)°2" {H (2h + 1)}11(26*‘)/2 (1.7)

h=0

The moment generating function (derived in the appendix 3.1) is as fol-
lows:

M® =y u®
n k2 [ il N . , n>2 (1.8)
M® = v u® &+ v, (h.l ju(lhl—lh) i)
kZ:;; E i,=k-h-1\_ lp
where: L;=nandi,=1.
Particularly:

2

3
M® =vu® +3v,u®u® +V3[u“)]
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Let us consider the following determinant:

u(t)=det @+ C) (1.9)
where:
C=-2tG (1.10)
The matrix G is of degree m and t is real value.

The theorem 3.1 leads to the following result:

et o)

uty =1+ >elk,,...k,) (1.11)
}

h=0 {k; ...k,

where c(kj, ..., ky) is the principal minor of the matrix C. It is obtained as the
determinant of the matrix formed by removing the rows and columns, identified
by the indexes {ki, ..., ky} from the original matrix C. Similarly, let us denote
the principal minor of the matrix G by g (ki, ..., ky). Particularly, if h = 0 then
¢ =det (C) and g = det (G). If h=1,

Z:g(kl,...,km1 ) =trG

{klﬂ"'?kmfl}

The expression (1.11) can be rewritten in the following way:

m-—1
u(t) =1+ (-2)""t""p, (1.12)
h=0

where:

p,= > glk....k,) (1.13)

The r-th derivative of the function u(t) is as follows:
u®(t) = ¥ (-2)" " (m-h)(m-h—1)..(m-h—r+Dt"*"p,, r<m (1.14)
h=0

or
I'm-h+1)
I'm-—h-r+1)

t" " p,, r<m (1.15)

)=y ()"
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The equation (1.7) can be rewritten as follows:

& m-h F(m —h+ 1) tm—h—r

(r) — _ -
ut” (1) = Z( D eyt P DT+, (116

where py, is explained by the expression (1.13), where g(kq, ..., ky) is the principal
minor of the matrix G = B X obtained by removing the rows and columns identi-
fied by the sequence of labels {kj, ..., k,} from the matrix G. Hence:

Nl =
u(r)(O): -2) rlppy—y for r=L2,..,m (1.17)
0 forr>m
Particularly:
u®(0)=-2p,, , =2tG
o (m—Zj
u”(0)=28p, , =38 z g(kl""’km—Z)
{kl""’km72
u®(0) =-48p,, ,
The expression (1.7) leads to the following one because u(0)=1:
e—1
v (0)= (=D 2] J(2h +1) (1.18)
h=0
Particularly:
1 13 135 1359
v,0)=——7 v,0)=——, v;O)=—=—=, v, (0)=————
1(0) 5 ,(0) 25 5(0) 297 4(0) 55272

The expression (1.4), (1.8), (1.13), (1.17) and (1.18) lead to the following

one:
m
EQ =puni=  glkpkpog)= g = tf[gij]: tr G
{kysok oy | i=1
Hence:
E(Q) = pm-1 = tr (BZ) (1.19)
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Forn>1

E(Q")=(-2)"'T(n+1)p,, , +

s (e il 5 [

h=0 h=0 | i,=k-h-1
1_‘(ih—l - ih + l)pm—ih_]Jrih ]}(_z)iki2 l_‘(ik72 + l)pm—ik_z (120)
where: 1.1=n, i,=1 and p,,,=0 for m-n<0.

Particularly:
E(Q*)=4p, , +3p3., (1.21)
D*(Q)=2p._ —4p,., (1.23)

Let us note that:

) ) m 2 m m
D' (Q)=2p,, —4p., =2 2gii | —4X Z(gngjj _gijgji):

i=1 i=lj=1
j>i
m m
_2Zgn +4Z ZglngJ 42 Zgngﬂ +42 zgljgp 2 zgijgji =
i=1 i=lj=1 i=1j=1 i=1j=1 i=1j=1
j>i J>i j>i

~2ulg; P = 2062 = 2u(BE)?

2(2 . : .
E(Q?)= (22T (@p_s +i.Zl(ij(—z)a_l)l“@—i)pm_3+i(—2)l D+ Dpy_; +
3.5(2 5 1 B 1
—23@(—2)“ 2>r<4—2>pm3+2(1j<—2)<2 YTQ2—-141)p, 5, (-2)' T(1+1)p, , =
=2, 2 (242D, 4 (D) By + (DD 42D, )
15
- E(_Z) pmfl (_2) pmfl (_2) pmfl
E(Q3 ) =24 Pms — 36 Pmo2Pma t 15 pr3n—l (1.23)
1,(Q) = E(QQ-E(Q))’ =8(3p,s —3pmaby +05y)  (124)
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Hence, the expressions (1.19)—(1.24) show new representation of the mo-
ments of the quadratic form Q.

2. Application

The obtained results can be applied to approximation of the distribution
function of Q. For instance, this distribution can be approximated by means of
series expansions or as well as by method of Pearson’s curves.

Review of application of distribution properties of quadratic forms and
their functions are presented e.g. by Magnus (1986, 1990), Mathai and Provost
(1992) or Domanski, Pruska and Wagner (1998). They consider some applica-
tions involving distribution of quadratic form in problems connected with chi-
square goodness-of-fit tests, ratio of two quadratic forms. Moreover, some
econometric applications are possible, too.

LetQ,= Y'B; Y and Q= Y' B, Y. The distribution of the ratio:

Q
R="S1 (2.1)
Q,
can be transformed in the following way
Fr)=P{R <1} (2.2)
F(r) =P{Q; <1Q:}
F(r) =P{Q; -rQ, <0}
F(r)=P{Y"'B(r) Y <0} (2.3)
where:
B(r) =B, —1B; (2.4)

Hence, expressions (2.2) — (2.3) show that the distribution of the ratio R is
determined by the distribution of the quadratic form Q(r) = Y B(r) Y. Mathai
and Provost (1992) show several particular cases of the distribution Q(r). Wy-
wiat (1995) considered ratio of two quadratic forms Q;, Q, measuring the ex-
post errors of two predictors. Hence, the obtained results allow it compare the
r accuracy of the predictors.
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3. Appendixes

Appendix 3.1.

On the basis of the expression (1.5) and the well known Leibnitz’s theo-
rem (see e.g. Fichtenholz (1980)) we have:

n-1 n-— 1 ) )
M®(t) = Z( , ]u(“‘“v}” (3.1)
izo \ 1

This and the expression (1.7) let us show that:

(1) =V u() 3.2)

The moment generating function can be derived on the basis expressions (1.5)-
-(1.7), (3.1) and (3.2) in the following way:

n-1 n-— 1 n-1 n-— 1 ) (i-1)
M®™ =u®y, +Z( u v =u®y, +Z ("")(u”)vz)l =

i=1 i=1 1

n-1

n-1 n-1
=V1u(“’+vz( 1 u‘"”u(”+2( e 1)2( ] (=i, )_
n-1 in-1 -
=vu™ +v, . ju("')u“)-kz , ]u(“‘)u(’)vz+
i\ 1

N olip— lj (n—i) < 1(1._1 u(i*il)v(zil) =

i=1

n—1 n-1 i—1 .

n-—1 i—1 1— i -1

=vu® +v, ( j (i) @) J (n-i) ( j (i-i, ( <1>V3)1 _
izl i i=2 1
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n-1 n-1 1
n-—1 n—1 NEEI A
_ (n) 2 (n— 1) () 2 (n—i) (i-1) . (1)
= Vlu + V2 [ 1 j +Vv [ J ( 1 Ju u +

n—1 1
+V3 ( J (n ])Z( J lll 1)+
i=3 =2
2lin—1 - 21 =1 -
(n i) 1 (1,—12)( () )lz 1
+ . v,u
1 n_l . . n—1 n-— i—1 1—
<n)+vzz[ . ju<n1)uu)+v3z( . J (n-i) ( J =)y ) 4
izt 1 i\ 1
n V4"Z_1:(n'_1]u<n—i>i(i__l}(iil)(il l_lju(il ‘)ui” n
i\ 1 =2\ 1
n-l(pn 1 i-1 1 il—l 1 _1 o i-1 1 _1 o )
(“ i) (i-i) 1 (iyi») 2 (i,-i5)  (i5) _
=3 i,=2\ 12 i;=0 3

+“Zl{n lj (n— ')i[l 1J (i, il—l[il._l (i1iz)izz_l(iz._lJu(izi;)(u(l)VS)(ﬁl):
2 13

i=4 i3 i,=2\ 1a i=0
olin—1 g o-ln—1 e R N
u® +sz( (n—i, (10)+V3z ' u(n—'o)z ° g (o) ()
i\ 1o i,=2\ Lo AN
olin—1 S Y G TSR (e S TR R
+V4Z[ ) u(“*‘o) 0. (‘o"l)z l. u(‘l“z)u§12)+
i3\ Lo =2\ L i,=1 1,

+V5"Zl: n. 1 MCSS >z -1 (i,-i1) "71 il__l ulii2) i -1 uiif”u“) "
io=a\ 1o =2 \ by 1
n— _ i,-1(37 _ -1/ _ iL-1/1 _ is-1/3 _
+i(n- ljumm [lo. ljuoon) (11. l}ﬁmz)i(lz. 1)““”’)2(13- 1]u(i3i“)vgi“
ims \_ Lo =3\ L i,=3\ Ly =2\ 13 =0\ 14
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Continuing this derivation we have

-1 - il p—1 RTINS b R
M® = y,u® +sz[n. ]um—lo)u(lu) +V32(n. Ju(n—m [lo_ Jum—u)u(n) N

i=1\ 1, =\ e
n-1 n_l i,—1 1 _1 ) i1 i _1
+V4Z[ . ju(n i) [ °i ju(‘u“l)Z( li Ju(n—lz)u(b) 4
;=3\ "o ij=2 1 ip=1 2
n-1 n— 1 i,—1 1 _ 1 i1 i 1
+v, Z( ju("‘ﬂ) ¥ { ju(l Y (h—} ] (iy-1-in)
i, =k-1\ Lo i=k-2\ L i,=k-h-1\_ 1p

i1 < TV a1/
s (‘h ljumm 5 [lu lJu(iHi“) s (IH 1)u(i“i“)u(i“) L
iy =k—h-2\_ lh4 i =2\ lis i =1\ lko
-1 _ i,-l (1 i S AP
+...v n (n lJu(niO) ) (10 1JU(inil) : [11 l]u( :
WV, . . .
i,=n-3\ Lo i=n-a\ Ly i,=n-s\ 12
i -1 1 — i_s=1/1 —
Z [lh"l lju(ihlih)“. Z (ln.‘s 1Ju(in5in4)u(in4) +
iy=n-h-3\_ lp i a=1\ Lnoa
-l i1 [ -l (3
n-1) oo (=1 ooy S (T =1 6
+V,, Z . u e Z R 1V D Z . u o
i,=n—2\_ 1o i=n-3\ L i,=n—2-h\_ lp

z( , ‘l}lwm ) gy (u0)

i, =1\ ln3

This result can be written in a more synthetic way by means of the expression

(1.8).
Appendix 3.2.

Let I, be the unit matrix of the degree n. The matrices D,, and D(h)

diagonal ones of degree n, i=1, 2, ..., r. Their diagonal elements can be equal
zero or one. Moreover:

D, +2D(h) I, h=1,..P(si, ) (3.3)
-1 S

where 0 <m <nand
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r
A 0<sij<n-m 1 ¥s;=(n—-m)=s (3.4)
i=l,....r j=1

P(sy,89,..,8,)=s!/I1s; ! (3.5)
i=1

The matrix DS” ,1=1,2, .., 1, has s; — diagonal elements equal to one and (n-s;)

diagonal elements equal to zero. Similarly, the matrix D,, has m and (n-m) its
diagonal elements equal to one and zero, respectively. Under the fixed matrix
D,, and fixed numbers s, s,, ..., s; the number of different the sequence of the
matrices DS’) y ey DS) is equal to number of permutation of a sequence con-

r
sisted of r elements replicated sy, s, ..., s; times and s j=s=n-m and s; > 0,
=l
j =1, ..., r. The number of these permutation is denoted by P(sy,s, ..., s;) and
determined by the expression (3.5)

Let each matrix of the sequence A, Ay, ..., A, is of degree n and:

r
h
Wy (51,59 ,,8, |m)=D A + ZDS )Ai (3.6)
i=1 !
T
h
Kp (81,528, [m)=ADp, + X A;D (3.7)
i=l1 !

where h=1,2,...,P(s},52,...,5;). The matrix W, (Sl,sz,...,sr |m) consists of m, s,

S2, ..., S; rows of the matrices A, Ay, A,, ..., A, respectively.

The following well-known in linear algebra theorems will be considered:

Theorem 3.1. If for the i-th row of a matrix A of the degree n the follow-
ing equation is fulfilled

[ai1 a2 ... @in] = X1 [bi1 biz ... bin] T X2 [Ci1 Ci2 ... Cin)
then
detA = x, detE; + x, detE,

where the matrix E; is obtained from the matrix A through substituting its i-th
row for the vector [b;; b;; ... by,]. Similarly, when we substitute the i-th row of the
matrix A for the row [c;; ¢;; ... Cin] We have the matrix E,.
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Let us consider the following theorem:

Theorem 3.2. (Wywial, 1990) Let each of the matrices A, Ay, Ay, ...., A;
is of degree n and x4, X», ..., X, are real numbers. If it is fulfilled the equation:

A:Zr:Aixi (3.8)
i=1

then form=n —s > 0 we have

Uy Up U Upr_1 r S:
detA= > ¥ .. % .. X Llsy,80,..8; [m)[]x}] (3.9)
81=OS2:0 Si:O Sr—1 i=1
where:
P(sl,...,sr)
L(s;,89,8, [m)= Y det Wy (sq,85,....,8, |m) (3.10)
h=1
or:
P(sl,...,sr)
L(s;,89,8, [m)= Y detKy(sq,55,..,5; |m) (3.11)
h=1
-1
uj=n-m- Sj3 1=12,..,r—1 (3.12)
=

The matrices Wy, and K, and s, sy, sy, ..., S, P(...) are determined by the expres-
sions (3.6), (3.7) and (3.4), (3.5).

Prove: For simplification of the derivation let us assume that fori=1, 2, ..., r,
x; = 1. Firstly, the induction prove will be started for r = 2, and next for r > 2.

The theorem 3.1 leads to the conclusion that if r =2 and s = 1, then:
detA =W (1,0 | n-1) + W»(0,1 | n-1)

where only i-th row in the matrices W; (.., W; (..) and A are

@0, ,@ O, .0
m

- NG

different. These rows are equal to: [a,," +a; a;, +a,5"..a
1@ @ 2,2 @)

3i12i2 ~Ain it 32 -~ 4in

tively.

2

and |a in the matrices A, W; and W,, respec-
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We are going to prove that if the equation (3.9) is valid for dla r = 2 and
1 <'s <n, then it is valid for s + 1. Hence, the right hand of the equation (3.9) is
the induction assumption. On the basis of the theorem 3.1 the determinant
Wi(s1,8-s1jm) is decomposed into the sum of two following matrices Wy(s;+1,
s-s;jm-1) and Wy(sy,s-s;+1jm-1). Let us assume that the i-th row of the matrix
Wi(s1,8-s1|m) is equal to the i-th following row of the matrix A:

[ai.212-21 = p Pl 2P [tk Pa@ 2 ?

11 12

Hence, the matrix Wy(s;+1, s-s;jm-1) has the i-th row equal to the i-th row
ai(l)ag)...ai(rll)J of the matrix A;. The i-th row la( ) (2)... (Z)J of the matrix

A, is equal to the i-th row of the matrix Wy(s;,s-s;+1jm-1). Hence, in these two
matrices there is (m-1) rows from the matrix A and (s+1) rows from the matrices
A; and A,. Thus, let us rewrite the equation (3.9) in the following way:

S

s \51
detA= 3 3 {det Wy (s;+1,5—s; |m—1)+det Wy, (s;,5—s; +1|m—1)}
51:0h=O

For a moment in the following derivation we neglect the index m-1.

L&) s

detA= 3 > det Wy(s;+Ls—s))+ > 3 det Wy (s;,s—s; +1)
51:Oh:0 51:Oh:0
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S S S

detA = zdetwh(l s)+ zdetwh( s—1)+.. +zdetwh(k+1s k)+

S S S

k+1 s—2 s—1
+ Y det Wy (k+2,s—k+1)+...+ Y det Wy (s—12)+ 3 det Wy, (s,1)+
h=0 h=0 — h=0 -_______.

+[S]det Wi (s+1,0) [+ [z] det Wy, (0, s+1)+[2]det Wi (1,2)+
h=0 h=0 h=0

@ (kilj [kizj

+ Y det Wy (2,5—1)+..+ 3 det Wy (k+1,s—k)+ X detWy(k+2,s—k—1)+
=0 . _._.o..-.C h=0 ——— — ——  h=0
N S
[2 1
S Y detWy, (s—1,2)+ zdetwh(s 1)
h=0 — ________ h=0

) . n n n+1 , .
This and the equation + { = lead to the following expression:
\% o v

s+1 s+1 s+1
k+2 k+1
detA = z det Wy, (0,s+1)+ Y det Wy, (I,s)+...+ X det Wy (k+1,s—k)+
h=0 h=0 h=0
s+1 s+1
k+2 s—1
+ Y det Wy (k+2,s—k—1)+...+ > det Wy (s—1,2)+
h=0 h=0
s+1 s+1
s+1
+ z det Wy, (s,])+ Y~ det Wy, (s +1,0)
h=0 h=0
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This equation with the index (m-1) can be rewritten as follows:

(S+lj

s+1 \ S

detA= Y 3 detWyp(s;,s—s;+1|m—1) (3.13)
5120 h=0

Hence, forr=2 and x; =1, i = 1, 2, the equation (3.9) is valid for s and s+1. This
result is useful for proving the expression (3.9) for r > 2.

Let us substitute the matrix A,” for the matrix A, in the equation (3.8).
Moreover, let us assume that:

A=A, + Ap (3.14)

Let the right hand of the equation (3.9) be the induction assumption. It can be
rewritten in the following way:

-1 , u u,_; P(sy..s;) 1
detA:det(rzAj +Ar]— ZS: z% Zl IZ: detWh(Sl.Sz,....Sr,I,S—I.‘Zsi|m) (315)

i=1 8;=0s,=0 s,;=0 h=0 i=1
r-1
Each matrix W}, | s1,82,...,8;_1,8 — 2,81 | m | is decomposed according to the
i=1

expression (3.13) provided only the matrix A,” is decomposed. The matrices A;,
i=1, 2, ..., r-1 are not changed in this decomposition. This leads to the following
expression:

ur

r-1 u, \ S r (3 16)
det Wy, [ 81,82,.8,-1,8— 285 Im |= > > det Wy |[S1,50,...,5;.1,S1,S— 2.S; | m :
i=l $,=0 1=0 i=l

where u; is defined by the equation (3.12) for i = r. The right hand of this equa-
tion and the expression (3.15) lead to the following ones:

dtA= 3 3 o3 8 Y Y derwy,

uj u P(sp,e.s Sr) Ur [Sr (
$1=0s,=0 s;=0 s,_;=0 h=0 5,=01=0

1y
81552 5++sSr—1»SrsS — 2.8; | mj
i=1

ur
s U Ui up oy P(sp,e, Sr)[SrJ r (3 17)
detA=> > ..> .. X X > Y. det Wyl 81,82,0-,8;,5— 2 8 |m :
8;1=0s,=0 ;=0 s,;=0s5,=0 h=0 1=0 i=1
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The number of the elements of the sum in the square brackets is equal to

u
(s f jP(sl yeees St ) On the basis of the expressions (3.5) and (3.12) we have:
T

r+l1 g!
P(sl,sz,...,sHl):s!/Hsi!= =

i=1 r
sylsolis !l s—2s; |

i=1
r-1
s— s |
s! i=1

r-1 r B
sllszl...sr_ll(s— Zsij! sr!(s— ZsiJ!
i=1 i=1

u,! u
=P(51,59 5, )sir :( rjP(sl,...,sr)

Sy

This allows us to rewrite the right hand of the equation (3.17) in the following
way:

s Up u; u,_;  u, P(sq,....8p41) r
detA=3Y > .Y .. X > > det W| sq,...,8;,5— 2sj |m
i=l1

Sl=OS2=0 Si=0 Sr_1=OSr=O h=0

Hence, the expression (3.9) is valid for x; = 1,1=1, 2, ..., r because it is valid for
r+1 under the assumption that it is valid for r.

This proof can be easy generalised in the case when numbers x; # 1,
i=1,2, .., r. In the similar way we can prove the expression (3.9), when
L(sy, s2, ..., 8;/m) are determined by the equation (3.11).
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